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UNIFORM ERROR ESTIMATES OF FINITE DIFFERENCE
METHODS FOR THE NONLINEAR SCHRODINGER EQUATION
WITH WAVE OPERATOR*

WEIZHU BAOT AND YONGYONG CAT#

Abstract. We establish uniform error estimates of finite difference methods for the nonlinear
Schrodinger equation (NLS) perturbed by the wave operator (NLSW) with a perturbation strength
described by a dimensionless parameter ¢ (¢ € (0,1]). When ¢ — 0%, NLSW collapses to the
standard NLS. In the small perturbation parameter regime, i.e., 0 < ¢ < 1, the solution of NLSW is
perturbed from that of NLS with a function oscillating in time with O(e2)-wavelength at O(e*) and
0(52) amplitudes for well-prepared and ill-prepared initial data, respectively. This high oscillation
of the solution in time brings significant difficulties in establishing error estimates uniformly in e
of the standard finite difference methods for NLSW, such as the conservative Crank—Nicolson finite
difference (CNFD) method, and the semi-implicit finite difference (SIFD) method. We obtain error
bounds uniformly in €, at the order of O(h? 4+ 7) and O(h? 4+ 72/3) with time step 7 and mesh size h
for well-prepared and ill-prepared initial data, respectively, for both CNFD and SIFD in the I2-norm
and discrete semi-H! norm. Our error bounds are valid for general nonlinearity in NLSW and for
one, two, and three dimensions. To derive these uniform error bounds, we combine e-dependent
error estimates of NLSW, e-dependent error bounds between the numerical approximate solutions
of NLSW and the solution of NLS, together with error bounds between the solutions of NLSW and
NLS. Other key techniques in the analysis include the energy method, cut-off of the nonlinearity, and
a posterior bound of the numerical solutions by using the inverse inequality and discrete semi-H*
norm estimate. Finally, numerical results are reported to confirm our error estimates of the numerical
methods and show that the convergence rates are sharp in the respective parameter regimes.
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1. Introduction. In this paper, we establish error estimates for finite difference
approximations of the nonlinear Schrédinger equation with wave operator (NLSW) in
d (d=1,2,3) dimensions as

(1.1)
i0;uf (X, t) — e20uus (x,t) + V2us(x,t) + f(juf|?)us(x,t) =0, x€R?, t>0,
uf(x,0) = up(x), Opuf (x,0) = uf(x), x € RY,

where t is time, x is the spatial variable, u® := u®(x, t) is a complex-valued function,
0 < £ <1 is a dimensionless parameter, f : [0,4+00) — R is a real-valued function,
and V2 = A is the d-dimensional Laplace operator. The above NLSW arises from
different physics applications, such as the nonrelativistic limit of the Klein—Gordon
equation [18, 22, 25], the Langmuir wave envelope approximation in plasma [7, 10],
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and modulated planar pulse approximation of the sine-Gordon equation for light bul-
lets [5, 27]. It is easy to see that NLSW has the following two important conserved
quantities, i.e., the mass

(1.2)
NE(t) = /R luE (x, 1) dx — 252/

Im (uf(x, t)Opu® (x, t)) dx = N°®(0), t>0,
Rd

and the energy
(1.3)

B (t) = /R (2100 (x, D) + [V (x, £) 2 — F(lus(x, D)|?)] dx = ES(0), ¢ >0,

where ¢ and Im(c) denote the conjugate and imaginary part of ¢, respectively, and F'
is the primitive function of f defined as

(1.4) Fs) = / fp)de,  s>o.

In the nonrelativistic limit of the Klein—Gordon equation and the singular limit
of the Langmuir wave envelope approximation, i.e., ¢ — 07, NLSW (1.1) collapses to
the standard nonlinear Schrédinger equation (NLS) [7, 18, 22, 25]

15) {i@tu(x, £) + V2u(x, ) + f(jul?)u(x,t) =0, xR, >0,

u(x, 0) = uO(X)v X € Rda

and the corresponding conservation laws (1.2) and (1.3) hold for NLS with e = 0. In
particular, it is proved in [7] that if the nonlinearity satisfies

|08 f(p)| < Kp°~* for some constant K >0and ¢ > 1, k=0,1,2,

then for the initial data (ug,u$) € H? x H? with |[u§||f= uniformly bounded, there
exists a constant 7' > 0 independent of ¢ such that the solution u® of NLSW (1.1)
and the solution u of NLS (1.5) exist on [0, 7] [18, 22, 25]. Furthermore, the following
convergence rate can be established (following [7]):

(1.6) ||u‘S — U||Lm([Q7T];H2) < Ce2.

Formally, as ¢ — 0T, the solution of NLSW (1.1) exhibits oscillation in time ¢
with wavelength O(£?) due to the wave operator and/or the initial data u§. Actually,
suppose the initial data uj satisfies the condition

(L7)  u§(x) =i (Vuo(x) + f(Juo(x)[*)uo(x)) + c“w(x), x€RY, a > 0;

then we would have the asymptotic expansion for the solution u®(x,t) of NLSW (1.1)
as

(1.8)  wf(x,t) = u(x,t) + e*{terms without oscillation}
+ €2+min{a,2}v(x’ t/é‘z)

+ higher order terms with oscillation, xeRY ¢t>0,

where u = u(x,t) satisfies NLS (1.5). The expansion (1.8) can be verified in the spirit
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FIG. 1.1. Temporal profile of |uf(0,t)|2 and |u(0,t)|? (left) and spatial profile of |us(x,t = 1.5)|?
(right) for different € with oo =0 and ug, w, f as given in section 5.

of [7], and we plot the densities |u®(0,#)|? and |u(x,t = 1.5)|? in the case of @ = 0
and d = 1 (cf. Figure 1.1).

Based on the above observation, we can make assumptions (A) and (B) (cf. sec-
tion 2.2) on the solution of NLSW. Furthermore, from (1.8), we can classify the initial
data into well-prepared (« > 2) and ill-prepared (0 < o < 2) cases. In fact, when
a > 2, the leading order oscillation term comes from the perturbation of the wave
operator, and, respectively, when 0 < o < 2, it comes from the initial data.

Different kinds of numerical methods have been proposed for NLS in the literature,
such as the time-splitting pseudospectral method [6, 15, 21, 23] and the finite difference
methods [1]. However, few numerical methods have been considered for NLSW in the
literature, and most of them are the conservative finite difference methods [10, 14, 26].
For the corresponding error analysis on the split error for NLS, see [8, 11, 17, 19] and
the references therein. For the error estimates of the implicit Runge-Kutta finite
element method for NLS, see [2, 20]. Error bounds of conservative Crank—Nicolson
finite difference (CNFD) for NLS in one dimension (1D) have been established in
[9, 13]. For NLSW in 1D with ¢ = O(1), the error estimates of conservative finite
difference schemes have been obtained in [26]. However, the proofs in [26] rely strongly
on the conservative properties of the schemes and the discrete version of the Sobolev
inequality in 1D,

(1.9) lgll7 <llgllzellg'llze, Vg€ Hy(U), UCR,

while the corresponding Sobolev inequality is unavailable in two (2D) and three (3D)
dimensions. (See [3] for a discussion on the NLS case.) Thus their proof cannot be ex-
tended to either higher dimensions (2D or 3D) or nonconservative schemes. Noticing
the above asymptotic expansion for NLSW, there exists high oscillation in time for
small e, which would cause trouble in analyzing the discretizations for NLSW (1.1),
especially in the regime 0 < ¢ < 1. The main aim of this paper is to develop a unified
approach for establishing uniform error estimates in terms of ¢ € (0, 1] for conserva-
tive CNFD and semi-implicit finite difference (SIFD) for NLSW (1.1) in d-dimensions
(d = 1,2,3). Our approach includes the energy method, the cut-off technique for
dealing with general nonlinearity, and the inverse inequality for obtaining a uniform
posterior bound of the numerical solution.
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The paper is organized as follows. In section 2, we introduce CNFD and SIFD
for the discretization of NLSW and state our main results. In section 3, we prove
in detail the uniform error estimates of SIFD by using the energy method, the cut-
off technique for nonlinearity, and inverse inequality, and a similar proof with key
steps for CNFD is presented in section 4. Numerical results are reported in section 5
to confirm our theoretical analysis. Finally, some conclusions are drawn in section 6.
Throughout the paper, we adopt the standard Sobolev spaces and their corresponding
norms, let C' denote a generic constant independent of ¢, mesh size h, and time step
7, and use the notation A < B to mean that there exists a generic constant C' which
is independent of ¢, 7, and h such that |A| < C' B.

2. Finite difference schemes and main results. In practical computation,
NLSW (1.1) is usually truncated on a bounded interval 2 = (a, b) in 1D, or a bounded
rectangle Q2 = (a,b) X (¢,d) in 2D, or a bounded box 2 = (a,b) x (¢, d) x (e, f) in 3D,
with zero Dirichlet boundary condition. For simplicity of notation, we only deal with
the casein 1D, i.e., d = 1 and Q = (a, b). Extensions to 2D and 3D are straightforward,
and the error estimates in [2-norm and discrete semi-H' norm are the same in 2D
and 3D. In 1D, NLSW (1.1) is truncated on an interval Q = (a,b) as

(2.1)
i0u® (z,t) — €20 (, 1) + Opau® (z,t) + f(|u®[*)us(z,t) =0, z€Q=(a,b)CR, t>0,
u®(z,0) = uo(x), O (z,0) = ui(z), z € Q= [a,b],
ue(amt)‘an:o, t>0.

Formally, as ¢ — 0T, (2.1) collapses to the standard NLS (7, 22, 25]
i0pu(x,t) + Opgu(z, t) + f(Jul?)u(z,t) =0, € QCR, t>0,
(2.2) u(z,0) = uo(x), T €Q,

u(;zc,t)‘(,m =0, t>0.

We assume that the initial data u{ satisfies the condition

(2.3) ui(z) = ui(x) + e*w® (),
Opu(z,t)|i=0 = i [Ozauio(z) + f(|uo(z)*)uo(z)], x €Q,

up(z)

where w? is uniformly bounded in H? (w.r.t. ¢) with liminf, g+ ||w®| gz > 0 and
a > 0 is a parameter describing the consistency of the initial data w.r.t. NLS (2.2).

2.1. Numerical methods. Choose time step 7 := At and denote time steps as
tp :=n71 forn = 0,1,2,...; choose mesh size Az := b’w‘l with M being a positive
integer and denote h := Ax and grid points as z; := a+j Az, j =0,1,..., M. Define

the index sets
Tu={jli=12....M-1}, Ty={ilji=012,...,M}.

Let u;"™ and ! be the numerical approximations of u®(x;,t,) and u(x;,t,), respec-
tively, for j € T and n > 0, and denote u", u" € CM+1) 6 be the numerical
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solutions at time t = ¢,,. Introduce the following finite difference operators:
1

_ 1

S = ey — ), Gy = (),
St = LML s Ui T 20

x 2h ) z Wy h2 )

1
5t+u;‘ = ;(u?“ —uy), O, uj = ;(u? - u?_l),
+1 . +1 -1

6u’-‘:u? —uy 52un:u}l —2uf} + uj

P 27 Pt 72 '

The CNFD discretization of NLSW (2.1) reads as
(2.4)
1
(16, 26705" = — [0 4 s = G ), €T, m> 1,

where G(z1, 22) is defined for 27, 20 € C as
(2.5)

1
Gor, 29) = / FO11? + (1 — 0)]20]2) d6 -
0

21 + 29 _ F(|Zl|2) — F(|ZQ|2) ) 21+ 22
2 |21]? = |22/ 2

This conservative CNFD type method is widely used for discretizing NLS and
NLSW in the mathematics literature since it can keep the mass and the energy con-
servation in the discretized level which is analogous to conservation in the continuous
level. However, for such a scheme, at each time step, a fully nonlinear system has to be
solved very accurately, which may be very time-consuming, especially in 2D and 3D.
In fact, if the nonlinear system is not solved very accurately, the numerical solution
computed doesn’t conserve the energy and/or mass ezactly [3]. This motivates us also
to consider the following SIFD discretization for NLSW in which at each time step only
a linear system needs to be solved and it usually can be solved by fast direct Poisson
solver. The SIFD discretization for NLSW (2.1) is to apply Crank—Nicolson/leap-frog
schemes for discretizing linear/nonlinear terms, respectively, as

1 _ .
(2.6) idu" = 625t2uj’"—§ [(ﬁu?nﬂ + 55u§n 1} —f(|u§n|2)u§n, j€Tu, n>1

For both schemes, the boundary and initial conditions are discretized as

(2.7) uy" =uyl =0, n>0; uj’o =ug(z;), j€T

Since CNFD (2.4) and SIFD (2.6) are three-level schemes, value at time step n =1
should be assigned.

Choice of the first step value. Under the hypothesis of suitable regularity of
uf(x,t), one may use Taylor expansion to have

(2.8)

2
.
uit () + ru (e, 0) + Suf(a,0), uf(e,0) =wiey), € Tar,

(2.9)

1. . a2 e .
ug(25,0) = E—Q[Wl(%') + Oaauo(x;) + f(uol*)uo(z;)] = ie® 2w (x;), j € Tu.

Due to the oscillation in time especially for the ill-prepared initial data case (0 < a <
2), approximation (2.8) is not appropriate if ¢ < 1. In such case, 7 has to be very
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small to resolve the error from the Taylor expansion (2.8). Our aim is to obtain a
suitable choice of the first step value uj’l which is uniformly accurate for all ¢ € (0, 1].
Denote

(2.10) O(v) = dpzv + f(|v]*), v e H?(Q);
then by integrating NLSW (2.1) w.r.t. ¢, we can write the solution u®(x,t) as
t
(2.11)  wf(z,t) = uo(x) — ie2(e™/<" — 1)us(x) —i/ (et=9)/<" _ 1)O(us(, 5)) ds.
0

Rewriting the integral term as
t
/ (elt=9)/<" _ 1)O(us(s)) ds
0

=/0 (1= — 1) [O(u(s)) — O(u(0)) + O (u(0))] ds

_ [—z’sQ(e”/Ez 1) - t] 0(us(0))

+ / (/=" 1) [O(u(s) — O (0))] ds.

then applying the trapezoidal rule to the integral in the right-hand side, we could
obtain a second order approximation of u®(x,7) as

(2.12)  u®(xz,7) = uo(x) — 62(6”/52 — 1) (iui(z) + ©(u(x,0))) +it7O(u’(x,0)).
Hence, we propose the first step as

(2.13) uj’l = ug(z;) — ig2te(eit/e Dw(z;) +i10;, j € Tu,

where ©; is given by

(2.14) 0 = Szuo(w;) + f(luo(x;) P uo(a;), j € Ta-

Now (2.4) or (2.6), together with (2.7) and (2.13), complete the scheme CNFD or
SIFD for NLSW (2.1). For both CNFD and SIFD schemes, we can prove the uniform
convergence rates at the order of O(h% + 7) and O(h? + 7%/3) for well-prepared and
ill-prepared initial data, respectively.

2.2. Main results. Before introducing our main results, we denote
N D _ _ MA+1
Xu = {v— ('Uj)jeTA(;[ | vo = v —0} cC

and define the norms and inner product over X, as
M—-1 M—1 )
lol3 =R > Josl? 65015 =h Y |6k,
j=0 j=0

2

M-1
[52013 =1 3 |oZv;]", llvlloe = sup Joyl,

j=1 I€T M

M-1 M-1
(2.15) (u,v) =h Z u;0j, (u,v) =nh Z U;0; Yu,v € X
3=0 j=1
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For simplicity of notation, we also define
(2.16) o = min{e, 2}.

According to the known results in [7, 18, 22, 25] and the asymptotic expansion in
section 1, we can make assumptions on the initial data (2.3) for (2.1),

(A) 1 S lw® (@) || pos () F 102w ()| oo () + Oz w® () | oo () S 1,

and assumptions on u®(+,t) and u(-,t) for 0 < T' < Tipax with Tinax being the maximal
common existing time and Qr = Q x [0, T},
(B) u,u € C* ([0, T WH>(9)) N C? ([0, T]; W™(9))
N C ([0, T); W>>(2) N Hy(2)) ,
5 m

)

<1
Le(Qr)

lullLoe () + 1060 || Lo (r) + o v
m+n 1 "
Wuﬂhm(gﬂﬁm, 2<m<4, m+n<5.
Under assumptions (A) and (B), the following convergence rate holds:
(2.17) Jult) = (B)lwae oy S €% t€ [0,T].
Define the “error” function "™ € X, for n > 0 as

(2.18) ;" = ut (), tn) —uj™",

JE€Tu-
Then we have the following estimates.

THEOREM 2.1 (convergence of CNFD). Assume f(s) € C3([0,+00)); under
assumptions (A) and (B), there exist ho > 0 and 79 > 0 sufficiently small, when
0<h<hgand 0 <71 <79, the CNFD method (2.6) with (2.7) and (2.13) admits a
solution such that the following optimal error estimates hold:

7_2
gh—a* ?

(2.19) le=™ |2 + 0F e |2 S h* + 0<n<

ﬂl*ﬂ*'ﬂ

(2.20) e |2+ 16F e 2 Sh* + 72 +€%, 0<n<

Thus, by taking the minimum, we have the e-independent convergence rate as
. T
(2.21) =™z + (|65 e [[2 S B> + 746720, 0 <n < —
o

Similarly, for the SIFD method, we have the next theorem.

THEOREM 2.2 (convergence of SIFD). Assume f(s) € C%([0,+00)); under as-
sumptions (A) and (B), there exists ho > 0 and 79 > 0 sufficiently small, when
0<h<hyand 0 < 7 < 79, the SIFD discretization (2.6) with (2.7) and (2.13)
admits a unique solution and the following optimal error estimates hold:

7_2
gd—a* ?

(2.22) le=™ 12 + oFe="l2 S h* + 0<n<

ﬂl*ﬂ*'ﬂ

(2.23) ez + [|6Fe=ls Sh*+ 72+  0<n<

Thus, by taking the minimum, we have the c-independent convergence rate as
T

T

(2:24) e la + 157 e 2 S B2 4+ 7=, 0

IN
IN

n
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3. Convergence of the SIFD scheme. In order to prove Theorem 2.2 for
SIFD, we first establish the following lemmas.

LEMMA 3.1 (solvability of SIFD). For any given u®° u®! € Xy, there exists a
unique solution u®™ € Xy of (2.6) with (2.7) for n > 1.

Proof. Standard fixed point arguments apply (see [3]) and we omit the proof for
brevity. d

Denote the local truncation error n™ € X of SIFD (2.6) with (2.7) and (2.13)
forn>1and j € Ty as

1
5 0207 (@, tas)

+ 03t (2, tu-1)) + F(Ju (25, ta) [P)u (25, t).

77]5-’” = (10 — azéf)us(xj, tn) +

LEMMA 3.2 (local truncation error for SIFD). Under assumption (B), assume
f € CL([0,0)); we have

T2 T
1<n<—

o — -1

(3.1) =" |2 + 650" |2 < B* +

Proof. Using the Taylor expansion and NLSW (2.1), we obtain for j € T3; and

n>1,
i7—2 1 0 S
n" = —/ / / ufyy (@), 0T + ty,) dodsdf
2 0 Jo -5

1 (4 s o
_ 527_2/ / / / sy (25,817 + t,) ds1dodsdf
0 0 0 —0o

2 1 0 s o
+ % / / / Z u;www(x] + Slh; ty + kT)dsldO'dea
0 0 0

O k=+1
2 1o
+ 5 /0 /0 US4 (5, 87 + tp)dsdf.

Under assumption (B), using the triangle inequality, for j € Tys and n > 1, we get

5™ < B2 Bamaate e + 72 (natttufnm T B e + |5mttU6|L°°>

2
< R+

~ 54_0‘* )

where the L°°-norm means ||u||r~ := supy<;<7 SUp,cq [u(z,t)|. The first conclusion
of the lemma then follows. For 1 < j < M — 2, applying §;} to 77;’” and using the
formula above, noticing f € C*([0,00)), it is easy to check that

|5:n;‘7n| S h2|‘8wwwwwu€”L°° + T2 <||8tttwu6|L°° + €2||attttwu6|‘L°° + ||awwwttu€”L°°)

2
< R

~ 54_0‘* M

For j =0and M —1, we apply the boundary condition to deduce that g—;u‘f (z,1)|zcon=
0 for £ > 0, and (2.1) shows that uS (z,t)lzcon = 0, uS,u(z,t)|zcon = 0 and
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U n (X, 8)|zeco = 0. Similar to the above, we can get the same estimates for
7 =0,M — 1. Thus, we complete the proof. a
Since 4% and u®! are known, we have the error estimates at the first step.
LEMMA 3.3 (error bounds at n =1). Under assumptions (A) and (B), we have

2
-
(3-2) e 2+ lloT e 2 + 1976 Ml S 1° + ==
2
-
16" ll2 + 110,76 e ll2 S 7% + ==
(3-3) el + 103 e |2 + 107e= |2 < 72 + 72 + €2,

16 =0ll2 + 16,705 0|2 S 1.

Proof. By definition, e = 0 € CM*!, For n = 1, recalling NLSW (2.1) and the
choice of u®! (2.13), using the Taylor expansion, we see that for j € Ty

u (25, 7) = uo(x;) + 7(i (Dzatuo(x;) + f(luo(z;)[*)uo(zs)) + e*w(x;))
+ %Ea_zws(xj) + %/0 uy (24, 8) - (1 — 5)? ds,

ust =g () + 7 [i (Deario(s) + f(luo(as)*)uo(z;)) + e*ws ()]
+ |:—T — ig? (z;—Q — 27——:4 + O(T3€6)>] e“w®(z;)
%ammuo(xj + 0§1)h),
ej’l =u(zj,7) — u?’l = —%Qmmuo(xj + Gﬁl)h)
+ %38tttu5(3:j, 0§2)7‘) +0 (£4TBO‘> w®(x;),

where 9§1) € [-1,1], 9](2) € [0,1] are constants. Noticing that for e € (0,1], o= <
—=, it is easy to get the conclusion in (3.2) for [[e=!||s + [|55e= |2 (the boundary
case is the same as that in Lemma 3.2) and ||5;"e=%||o. For 1 < j < M —1, we can get

7.3
|526?1| SO <€4a) : ||8mcw€||L°°(Q) + Th||8rrrrru0”L°°(Q)

T 2
+/ 52 ds|| Osttaats® || Loe (2r) S B+
0

54—04* 9

7_2
3701651 £0 (i ) 100" e+ 1210rsstiol e

2
+ 72| 0st12u® || Lo () S B +

gd—a* ’

which implies the results for ||6;" 6} e%?||> (the boundary case is similar to the above)
and [[62e51||2 in (3.2).
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For the assertion (3.3), we use the relation between w(z,t) and u®(z,t). Taylor
expansion would give for 1 < j < M —1

. h2
uw(xj, ) — uj’l = —%Qmmuo(xj + 0§2)h)

+/ Onu(zj,s)(T —s)ds + i52+o‘(e”/€2 — Dw(x;)
0

and

£ (s ) = us") | S Th2Onssartiolle + 72 Busaull e + <200 |1oe,

02 (u(@ssm) = 15" )| < ThllOssstoll e + 72 Ohszat] o + 220t o,

and it is convenient to use the boundary condition as before to find that
(3.4)

lu(z;, ) — “;’1”2 + 16 (u(xj, T) — u§1> |2 + |62 (u(xj, T) — ujl) llo < A% +72 42
Recalling the convergence |u®(z;,7) — u(z;,7)| < €? and

|03 [us(ﬂf', | S e + " ([[wawel L @r) + 1U5zell o @r));
‘62 [UE(x ‘ S 82 + h2 |u$$$$||L°° () + ||urrrr||L°°(QT))
the triangular inequality then gives the conclusion for ||e!||o + |6 €St ||2 + |[02€1 |2

n (3.3).
Similarly, for 0 <j < M —1

57 (u(25,0) = 05°) | S B2 uszatioll o) + 7Ol or) + 0 1o,
‘5t+5$ (U(%'a 0) — U;’O)‘ < 0| Ozzwantiol| oo () + T Ozl Lo (o) + %1051 || L (),
combined with the triangle inequality and assumption (B), which implies

(3.5) ‘5ju5(xj, 0) — &; u(x;,0 ‘ + ‘5+5+ u®(x4,0) — 6 0 u(z;, )‘ <1,

we draw conclusion (3.3) for ||6;7e=0(|2 + ||6; 0. e=0]|2. O

One main difficulty in deriving error bounds for SIFD and/or in high dimensions
is the [*° bounds for the finite difference solutions. In [2, 3, 4, 24], this difficulty was
overcome by truncating the nonlinearity f to a global Lipschitz function with compact
support in d-dimensions (d = 1,2,3). This is guaranteed if the continuous solution
is bounded and the numerical solution is close to the continuous solution. Here, we
apply the same idea. Choose My > 0 and a smooth function p(s) € C*°(R!) such that

(3.6) My = max {Hu(ffﬂf)HLw(QT)a Sup. ||U5($at)||Loo(QT)} :
e€(0,
1, 0<|s| <1,
p(s) =s<€10,1], 1<]|s| <2,
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By assumption (B), My is well defined and let us denote B = (Mg + 1)2. For s > 0
and z € C, define
(3.7)

fB(s) = f(s)p(s/B), Fp(s) = /OS fo(0)do, py(s) = p(s/B), g5 (2) = 20, (|2]*).
Then fg(s) and g, (z) are global Lipschitz and

(3.8) |f5(s1) = fB(s2)] < Cplv/s1 —/52],  Vs1,82 > 0.

Choose v50 = 40 v51 = 45! and define v>"*! € X (n > 1) for j € Ty as

(3.9) (i6, — £267) v

1 _
+ 5(531;;»”*1 + 0205 + fe(S" )™ =0.
In fact, v®™ can be viewed as another approximation of u®(x,t,).
Define the “error” function é5" € X, as

(3.10) e =t (xy,tn) — 05", JE T, >0,

and the local truncation error 1™ € X for n > 1 and j € Ty as
(3.11)

~AE,M

) 1
05" = (10— €267 + Fr(lu (), tn)*)ut (), tn) + 5 (50 (25, tnsa) + 620" (25, tn 1))
Similar as Lemma 3.2, we have the bounds for 7=™ (n > 1) as

72

gd—a* '

(3.12) 1757 |2 + |67 |2 < h* +

Subtracting (3.9) from (3.11), we obtain the error equation for é5™ € X, as

1
(3.13) (i0; — €267) &5 + 5(5§é§?>”+1 FO2ETT =+ =0, n>1

where £5" € Xy (n > 1) is defined for j € Tps as

(3.14) & = fa(lvy"P)es™ + ut (wy,tn) (F(Ju (2, t0)*) — F(105"%) -

For £, we have the following properties.

LEMMA 3.4. Under the assumptions in Theorem 2.2, for €™ € Xy (n > 1) in
(3.14), we have
(3.15)

TSI IGT IS +Iehl +107e", 0<i<M -1, 1<n<

41

Proof. Using the properties of fg(s), it is easy to obtain

(3.16) &M <15, jEeTa,n =1

For0<j<M-—1,n>1,and 6 € [0,1], denote

(B17) Sy = Ou (w1, tn) + (L — 00 (2y,10), Vg = B0y + (1 — O)05™;
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then we have

G = of (flu (zg,tn) P)us (2, t0)) — 65 (f(lo"*)05") =L — I with
1

I =/0 [(fB(Iu;’?,eI?)+f§(|u§,9|2)|u§,9|2)5;u6(xj,tn)

+ fi (15 o|*) (45 0)* 6w (25, 0) | 6,

1
L | [(fBuv;f,eP)+fg<|v§-,e|2>|v;,e|2) SEET 4 (05 olP) (05 ) 20T 0 } 6.
Using the definition of fg, it is easy to see fp € CZ(R) and the following holds:

‘ [(fB([u561*) + FBlu5e*)u56l?) — (fo(v56l?) + FR(I0501)|05,01%)] 08w (5, tn)
| |uj 0| - |U]9| | S |A€n| + |ej+1|

‘[fé(luielz)( 0)” = [B([v5.61°)(v5,9)?] 6 us (5, tn)

S Mg ol = w5 oll S 1657 + Ie5 s

10502+ Tl s ) 05wy ) = 6505 | S 163457
(lvj0| )( JG)Q ((Sju (x]7 ) 5+ En) <|5+A6n|'
Hence, we get the desired conclusion. The proof is complete. O

Proof of Theorem 2.2. The proof is divided into three main steps.
Step 1: Establish (2.22)-type error bound for é>™. From the error equation (3.13),

multiplying both sides of (3.13) by é; o= 4 éE =1 and summing for j € Ty, using
the summation by parts formula, and taking 1maginary parts, we have

” ~E, n+1||2 4 452 Im (éam’ 5;}-é€,n) {H ~EM— 1”2 4 452 Im (éamfl, 5:‘@577171)}
(3.18) = —27Im (&™ — 7", e 46", n> 1

)

Adding (3.18) for 1,2,...,n (n < £—1), in view of Lemma 3.4 and the local truncation
error (3.11), we have

n+1

5 7 ,
(3:19) [le=™ T3+ (67" |3+4e%Im (€7, 6 é=") S mr <h2 + r) +7 Z e 13-

Multiplying both sides of (3.13) by &5’ mtl éj’”71 and summing for j € Ty, using
the summation by parts formula, and taking real parts, we have

emn2 . Lichom o Lo
- (fszllét*ea 5+ 5ot e +1||§) + (E2||5t+e€’ Y3+ Sllsres 1”§>
(320) = — Re (55 mo_ Aa n éa n+1 éE,nfl) ’
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where Re(c) denotes the real part of ¢. Noticing that

Re (55771 _ ﬁa7n7éa7n+1 _ éa,nfl) ‘ =T

Re (ga,n _ ﬁa,n7 5t+é£,n 4 6t+éa7nfl) ‘
Cr
<

7'2 2
_52(M+ETQ—HWMQ

+re? ([l e S + llof e 3)

combined with (3.20), taking summation for 1,2, ..., n, and using Lemma 3.3, we find
that

(3.21)

spee 3 + Slore 3 + S loren 3
nrT 72\’ - fass T
S (h2 + W) +r Y ElsfeEm > g||e€’fn||§, l<n<— -1
m=1 m=1
Forlgngg—l,deﬁne
(3.22)

A 1, 1, 1
5" =8 (1ot e+ o + 10 B) +

5oz (e Mz + 1€ 13) -

In view of the Cauchy inequality which implies

N L. JU
e R A R )

together with % x (3.19) 4 16 x (3.21), we obtain

n - NT 72 2 - m T
(3.23) S §§(h2+54_a*> +ry ST l<n<—-—1

1 2 \? T
(3.24) Sn5§(h2+ u ) l<n<=—_1.

54—04*

In particular, we have established the I? error bounds

7.2

(3.25) e |2 S A% + prarci L <

Rl

However, the discrete semi-H'! convergence is not optimal. In order to derive the
optimal convergence rate in discrete semi-H! norm, multiplying both sides of (3.13)
by 55(@?”*1 + éj’"il), then summing together for j = 1,2,..., M — 1, after taking
the imaginary parts of both sides and applying the summation by parts formula, and
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using the (2 error estimates (3.25), we have for 1 <n < % —

|05 T3 + 4e® Im (676", 6, 6, =)
— {llof e |5 + 4¢® Im (5.F =1, 670 esm 1) }
_27_ Im <€s,n _ ,f]s,n’ 52(é5,n+1 + és,n—1)>

DrIm (5365 — 637", 0F oL 4 g esnt)

<Ct

4—a*

2 2
N N N _ N T
o e g + Iogee B+ Jagen g + e + (2 + e ]
T2 2
<or (4 o) Cnllaze i+ Iose I+ lore )

Summing the above inequalities for 1,2, ..., n and making use of Lemma 3.3, we then
have

5= HIS + o5 e=" |13 + 4e® Im (876", 67 67 e™")

2 7 ? = +ae,m |2 + 22,112
<nt|h +€4_°‘* +TZ||516’ 5+ 05 €% (|2

m=1

+ |60 4+ 4e® Im (6} &0, 5,61 e=0)

64—(1*

2 n+1
(3.26) < (2 + TQ +7 > llerem|3, 1<n<l_ oy
- m=1 ’ B T

Multiplying both sides of (3.13) by 5§(é§’"+1 - ej’”fl), summing up together for j =
1,2,..., M — 1, then taking the real parts of both sides and applying the summation
by parts formula, and using the [? error estimates (3.25) and the local truncation
error (3.11), we have for n > 1

1 1
e2[10"0, I3 + S l10ze" T HIZ — el 6 e T IE — S llozesm I3

— Re <€a7n — ", 55(é§,n+1 _ éjyn*1)>

— _Re (5:€a7n _ 5;ﬁ€>”7§:(é§’”+1 _ é?n*l))

—rRe (5Heem — 85, of 056" + ot ot e )

64701*

. . Cr R Cr 72 2
<7 (@Iraren i+ atareniy) + Slarerig+ 5 (04 o)

Summing the above inequalities together for 1,2, ..., n and using Lemma 3.3, we find
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that for 1 <n < I —1

e2[loy o e |3 + [loze= I3 - 1/2 + [|oge=" 3 - 1/2

n - n+1
STy e+ 5 S I6ke 3+ 823
m=1 m=1

4—a*

2
2|55+ e5:0)12 l 2 2
+6||t z € ||2+82 h+8

n - n+1 1 7_2 2
B ST Y e S Y It g (1 o)
m=1 m=1

In view of (3.26) and (3.27), define 7™ for n > 1 as
n __ 211 5+ s+ 2e,m 2 1 2 5e,n+112 1 2 se,m |2
(328) T =8 (UaTe 3 + 519265 + 0% 3

1 SEMN SEMN
+ o (I8 e 3+ o e 3)

Again, the Cauchy inequality with E% X (3.26) + 16 x (3.27) will give that
2

2 n
1 T
(3.29) T”5§<h2+€[7> +r> T, l<n< =L
m=1

T

Then the discrete Gronwall inequality [9, 13] will imply that for 7 small enough,

1 2 \? T
(3.30) T"§—2(h2+4T*) . 1<n<— 1.

€ gra T
Hence, the discrete semi-H! bounds for the error é=™ holds as

72 < T
el n <

(3.31) o5 e=" |2 < h* +

—
Step 2: Prove (2.23)-type error bound for é=™. For the approximation v®" € X,

defined in (3.9), introduce the “biased error” function é*™ € Xy, i.e., the difference
between v*™ and the solution u(z, t,) of NLS (2.2), for j € Tas as

(3.32) e;" = ulzj,ty) —vi", n>0.

Define the “local truncation error” 7™ € X, for n > 1 and j € Ty as

(3.33)
en 1
;" = (10— €267 + f(ulwj, tn)*))ul;, tn) + 5 (G7u(@;, tnin) + Su(@), ta-1)).

Similar to Lemma 3.2, we can prove that under the assumptions in Theorem 2.2,

T
(3.34) 17" 2 + 6575 2 Sh*+ 724+ 1<n< -1
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Subtracting (3.9) from (3.33), we obtain the error equation for é=™ € X, as

1 _ 8
(3.35) (i0, — e267) & + 5(535@;7"“ FOZETT) =+ =0

where 55’” € Xy (n>1) is defined for j € Ty as
(3.36) & = S P)E™ +ulws,tn) (Fe(|ule;, t)?) = fa(j05"]%) -
Then we have the following properties on £, similar to Lemma 3.4

(B37) G117 G SISl 10 e ", 0<j < M-1,n>1.

As shown in Lemma 3.3, we have é5° = 0 and
(3.38) [[e=t 2+ |0 e o+ [|03e |2 S h* + 72 +e%, 16780+ 160 &0l S 1.

~e,n+1 ~e,n—1

From error equation (3.35), multiplying both sides of (3.35) by €; +¢€;
and summing for j € Ty, using summation by parts formula, and takmg unagmary
parts, we have

||éa7n+1||2 + 462 Im (éa,n 5:-éa7n) {||~€ ,n— 1||2 + 462 Im (éa,nfl’(sgi-éa,nfl)}

(839) = -2rIm (§n —jen @t 4 el n> 1,

Adding (3.39) for 1,2,...,n (n < % — 1), similar to the proof of (3.19) for é5", we
have

n+1
(3.40) [[e=™ 3+ (|e=" |3 +4e’Im (e, 6 ™) Snr (WP + 72 + 82)2+T Z le=™||2.

Multiplying both sides of (3.35) by éj’”ﬂ - éj’"d and summing for j € Ty,
using the summation by parts formula, and taking real parts, we have

ST I etz Ve
- (1remig + glorensiig) + (oren-1g + gloren1g)
(3.41) — _Re (5" e gentl éﬁ»”*l) . n>1
Noticing that

‘Re (é-s Mmoo ~s n s,n—i—l _ és,n—l) ‘ — Re (gs,n _ ﬁs,n’é-:rés,n + 5;rés,n—1) ‘

T ~,
< = (PP + 72+ +e]3)
1 o .
Sr (I e B 6 e )
summing (3.41) for 1,2,...,n and making use of (3.38), we have
1 1 n n+1 1
26 e 3 + e E + e g < v 30 lsre i 3 e
m=1 m=1

¢ T
(3.42) +n7'§(h2+7'2+62)2+052+C(h2+72+52)2, 1<n<=-1.
-
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Let
- 1 - 1 N
(3.43) e =5 (hpree g + gloze B + glazen)

1 -~ ~
oy (e 3+ e 3) n > 1y

then similar to the case of ¢, using the Cauchy inequality together with (3.42) and
(3.40), we have

1 n
(3.44) &< g(hQ +rP )4 Y Em,

m=1

and the discrete Gronwall inequality [9, 13] will imply for small 7

1 T
(3.45) 5”§—€2(h2+72+a2)2, 1<n<=-1.
T

Hence the [? estimate holds

(3.46) le5™le Sh2+7124+€% n<

Rl

To prove the corresponding discrete semi-H'! error estimates, multiplying both sides
of (3.35) by 53(é§’"+1 +é§’"_l), summing together for j = 1,2,..., M — 1, summation
by parts, taking imaginary parts of both sides, and making use of the I2 estimates
and (3.34), we then have for 1 <n < L —1

[ €= |3 + 4e?Im (67 e, 6,707 e=™) — [0 e M3
— 4e%Im (6=, 6F 6 e )
— 9 Im <€*sn N G és,n—1)>
=27Im (5:55’" A R A Gl és’”_l))
< 076365 3+ 5753 + 1676 I3 + e I3) + Or(h2 72 + £2)2

< O ([67e™ I3 + llores 3 + oFe="~H3) + Or(h* + 72 + %)%

Adding the above inequalities together for time steps 1,2,...,n, using Lemma 3.3,
we have
(3.47)
n+1
63 & 534101 & |3 +4e> Tm (57 8™, 61 57 8°) S (WP4724e") 47 Y |67 ™ 13-
m=1

Multiplying both sides of (3.35) by 5%(6?”“ - éj’"il), summing together for j =
1,2,..., M — 1, summation by parts, taking real parts of both sides, and making use
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of the [? estimates and (3.34), we get for 1 <n <L —1

1 1
e [ ] e R A 1 S

— Re <éa7n _ ,r~]57n, 5§(éa,n+l _ éa7n71)>

—Re (5;-55,71 _ 5;}-775,11’ 5;— (és,n+1 _ és,n—l))

— —rRe (85" — 617" o o e + oF ot e )

- e C ~
<Ct (52||5t+5;re€’”||§ + &2\ 66 e 1||§) + E—QT [||5je€’”||§ + (h? 4+ 72 + 82)2] )

Summing the above inequalities for time steps 1,2, ...,n and using Lemma 3.3 on the
errors of [|6265(|5 and ||6; 6 &%0||2, we have for 1 <n <L —1

1 1 1
2|8, 5.5 e 3 + 5||5iéa7"“||§ + §||(5§é€>”||§ <e?||5 5. e 03 + §||5iéa71||§
i T ntl nTt
+C2T > |IoFere ™5 + = > lakem3 + E—QC(hQ + 72 42?2
m=1 m=1
n - n+1 1
2 + s+ ze,m 2 +~e,m |2 2 2 2\2
(348) et D NGOTE TR+ 5 3 IE IR+ 0 £ )’

m=1

As before, define £" for n > 1 as

on ~e,n 1 ~e,n 1 ~e,n
Ba9) & =s(Blareren B+ gl + glazeen )

1 . .
+ 5o (l6Fe 3 + 16 e 13)

combining siz X (3.47) 4+ 16 x (3.48) and applying the Cauchy inequality, we get

on 1 2 2 212 S cm T
(3.50) S L s +a)+TmZ:15 , l<n<—-1

The discrete Gronwall inequality [9, 13] implies that for small enough 7

- 1 T
(3.51) sngg(h2+72+g2)2, lsn<——1
Hence

T
(3.52) l6Feem s Sh2 4+ 72 +€2, 1<n< —
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Noticing

and assumption (B) which implies

(3.54) Juf (25, tn) = w(@s, ta)ll2 + (05w (25, tn) — 0 ulzs, tn)ll2
ShE4+7246e2 n>0,

and combining (3.46) and (3.52), we then conclude that

215

(3.55) ez + o e 2 S h* + 72 +€%, 0<n<

Step 3: Obtain e-uniform estimate (2.24). From (3.25), (3.31), and (3.55), taking
the minimum of €% and 2o [12, 16], we get

(3.56) 6™ + |65 e ™2 S B2+ 75+, 0<n<

41

Noticing that 4/(6 — a*) > 2, using the discrete Sobolev inequality [24]

(3.57) 65" oo < ClSFE 12 S B> + 757"

When 7 and h become sufficiently small, we have ||é=" |« < 1, and

(358) (07" oo < NullL=ar) + 167" oo < Nulliear) + 1< VB, n<

al i

Thus, using the properties of f5(s), scheme (3.9) collapses to SIFD (2.6), and v=™ is
the solution of SIFD (2.6). In other words, we have proved the results in Theorem 2.2
for SIFD (2.6). O

Remark 3.1. Here we emphasis that our approach can be extended to the higher
dimensions, e.g., 2D and 3D directly. The key point is the discrete Sobolev inequality
in 2D and 3D as

(3.59) lunlloe < Clhl sl llonlloc < O3 |vnllms,

where uj, and vy, are 2D and 3D mesh functions with zero at the boundary, respectively,
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and the discrete semi-H' norm | - || 1 and I°° norm || - [|o, can be defined similarly as
the discrete semi-H! norm and the [*° norm in (2.15). The same proof in 2D and 3D
will lead to (3.56), and the above Sobolev inequalities will imply (3.58) by noticing
that 4/(6 — &*) > 2 > 3 and with the additional technical assumption 7 < h in 2D
and 3D.

4. Convergence of the CNFD scheme. In order to prove Theorem 2.1 for
CNFD, again we first establish the following lemmas.

LEMMA 4.1 (conservation properties of CNFD). For the CNFD scheme (2.4) with
(2.7) and (2.13), for any mesh size h > 0, time step T > 0, and initial data (ug,u§), it
satisfies the mass and energy conservation laws in the discretized level, i.e., forn >0,

(4.1) Ny (u™):

N~

(a3 + a4 3) — 262 T (5 s, ue) = Nj(u),

BE(u™) :

1
eI w13 + 5 (107w ™[5 + 1107w H3)

hM
=3 30 (PUus™®) + F(us™2)

j=0

(4.2) Ejy (u™?).

Proof. Follow the analogous arguments of the CNFD method for NLS [9, 13] and
NLSW [14, 26]. We omit the details here for brevity. O

LEMMA 4.2 (solvability of the difference equations). For any given u"~1 and
u", there exists a solution u®" "1 of the CNFD discretization (2.4) with (2.7). In
addition, if the nonlinear term f(|z|*)z (= € C) is global Lipschitz, i.e., there exists a
constant C' > 0 such that

(4.3) |[f(l1/)z1 = f(|22*)z2| < Cloy = 22|, V21,22 €C,

then there exists 1o > 0 such that the solution is unique when T < Ty.

Proof. The proof is quite standard for NLSW [14, 26] and we omit it here for
brevity. d

Denote the local truncation error (=" € Xy for CNFD (2.4) with (2.7) and (2.13)
forn>1and j€ Ty as

1
G = (0 — 262 us (), tn) + 3 (6208 (5, tns1) + 02u (2, tp1))
+ G(u (), tni), u (25, n-1)).

Similar to Lemma 3.2, we have the following results.
LEMMA 4.3 (local truncation error for CNFD). Under assumption (B), assume
f€C3([0,)), and we have

T2
54—04* )

T
1<n<—-—1.
T

(4.4) 165" |2 + 163 ¢ [l < h* +
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Proof. For n > 1 and j € T, expanding Taylor series for nonlinear part G at
|u®(z,t,)|? and noticing (2.5) and

1 1
P i= — (1 G tus) P = [ (a5, t) ) :/0 0,(14[?) (2, t + 57) ds,

2 (1
B} = 5 (5 (0t + eyt 1)) = (o))

1 .0
/ / 5tt(|ua|2)($j,tn + s7) dsdf,
0o J-o

then applying the Taylor expansion and NLSW (2.1), we obtain

iT2 1 0 s
o = 7/ / / gy (x5, 0T + t,) dodsdf
0 Jo -5
1 r0 ps po
27'2/ / / / Uy (25, 817 + t) ds1dodsdf

/ / / / Z US pwe (T + 1R, by + kT)ds1dodsdd
T k==+1

2 1
+ / / U e (25, 8T + t,)dsdb
2 Jo J-o

> e —0 no_ _ n—1\2 ptr (¢ o -
" (T /0 /0 (1 =o) (00 — (L= 0)L} )" f"(&;(0,0)) dodf
+ 7f/(|“5($jatn)lz)ﬁ>

1
5(” (xjatn-‘rl)_"u 3:]7 n— 1))

2
—|—T2 (Ju(zj,tn // ug, (x5, ty + s7) dsdb,

where &;(0,0) = o(0lus(zj,tni1)]? + (1 — O)|us(zj,tn—1)?) + (1 — 0)|us(z;, ts)|*
Under assumption (B), using the triangle inequality, noticing that f € C?([0, 00)), for
j €Ty and n > 1, we get

|Cg€7n| < h2||ammu6||L°°

+ 77 (||3tttua||L°c + 2| 0peru|| oo + (|0 || oo 1 f (Ju?)[| oo + [|Opaters®] Lo

+ (19 PIT o 11 () e + 1 () o 102 ]| o) ||u5||L°o>

2

T
< p2
~ h + 54—04* .

The first part of the lemma is proved. For 1 < j < M — 1, in view of the above
representation of (" and a similar calculation as above, noticing f € C3(]0, 00))
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when dealing with the nonlinear term G, for 1 < j < M — 1, it is easy to check that
|5:<jsn| S PP)|Osawzats®|| L

+ 72 (||3tttmus||L°° + )| Optetat | Lo + |0 || oo L (Jus]?) ]| Lo

+ (10w PN Lo 1F" (a2 oo A LF (1) | e [ Ore [P £oe) ||u5||L°°]

N0zt [l + (1102 (@e|us )| oo LF” ([u®?) | v
1 (P oo | Dot u® Pl 2o ) - [l v
+ (10 P I (P oo + 1 ([ Pl Lo 1Ot e® | 2o )
1050 || Loe + [1Breaull e [L.f ([ [z + II%wttuglle)
2

Sh? 4 —

~ 54—04* .

For j =0and M—1, we apply the boundary condition to deduce that g—;ug(x, t)|zcon =
0 for k > 0, and (2.1) shows that u,.(z,t)|zco0 = 0 and Uzpre(z,t)|zcon = 0. As
before, we can get the above estimates for j = 0, M — 1. Thus, we complete the
proof. a

The error bounds for e*" at n = 0,1 are the same as Lemma 3.3 since the
boundary and initial conditions for CNFD (2.4) and SIFD (2.6) are the same.

The proof for the CNFD scheme (2.4) is quite similar to that of the SIFD scheme,
and we outline the schedule below, i.e., we prove the key lemmas.

Let 450 = w0, 45! = w1, and 45"t € Xy, (n > 1) be given by

1 _ _
(4.5) (id, — e*67)a5" + 555(11;7"“ +a" )+ Gp(ay" A" ) =0, j € T,

where Gg(z1, 22) for z1, 22 € C is given by

1
/ fB01z1)* + (1 = 0)|22[*) df - g, (zl ;— ZQ)
0

_ Fs(la®) = Fp(122?) (21t 2
|21]? — |22 PL2
with g, (2), fp(-) and Fp(-) being defined in (3.7). Actually 45" can be viewed as
another approximation of u®(xz;,t,). From Lemma 4.2, (4.5) is uniquely solvable for
small 7. Define the error x*™ € X; for n > 1 as

(4.6) X" =t (g, ty) — 03", g€ T,

Gp(z1, 22)

and the local truncation error Q:E’” € Xy for j € Tayy andn > 1 as

e,n . € 1 € €
(A7) &7 = @0 = S0P (g tn) + 502 (w7 (25, ) + (2, 1)
+ GB (UE((EJ‘,tn+1),u€($j,tn,1)) .

Similar to Lemma 3.2, we can prove that under the assumptions in Theorem 2.1,

Fen + fen < 12 T2 T
(4.8) [C5™ l2 + (10 ¢ l2 S R el 13”3;_17

and the estimate for ||é5]|]3 + |6 é5||2 is proved in Lemma 3.3.
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Subtracting (4.5) from (4.7), we obtain
(4.9) G — 200G + 52 (Gt +xgm ) + 05 =& =0, €T,
where 95" € X, is defined for j €Ty andn >1 as
(4.10) 95" = Gp (W (2, tns), u (25, ta—1)) — Gp(as™ a5 ).
Then we have the following properties on 9.

LEMMA 4.4. Under the assumptions in Theorem 2.1, for 9™ € Xpr (n > 1) in
(4.10), we have

|195n|<|xan+1|+|xan 1|’ |6+1957n|
SO (ST G, 0< <M =1, n> 1
m=n—1,n+1

Proof. For j € T, n > 1 and 6 € [0, 1], denote

P (0) = Olut (25, tngr)* + (1= O)u (, tu 1) %,

757 (8) = 01as ™+ (1 - )l P,

1 1 _
pt = 3 [u(xf, tng1) +u (), tn1)], A" = 3 {if ntl a;" H,
" = (g, )| + A",

using the definition of G, Fig, and g¢,, it is easy to get

05" = " / [£5(05™(0)) = Fo(p5" (6))] dO

+ 95 (157) — 95 (A5 / fB(5™(

Noticing the Lipschitz property of f(s?) and

e,n+1

97_(_&,714’1 XJ

J

+(1- H)Wj’nfl

+ \/Aa n
< \/5|X§’”+1| +VI—0X"T,

combined with the Lipschitz property of g, (z), we can obtain

(4.11) W5 S G+ G, € Tar

g,n— 1‘

Xj

Wp?"w - ﬁj’”(ﬁ)‘ <

Applying &} to 9", we can obtain
S0 =g (ﬂj”)/l o) [f(p5"(9)) = £B(p5"(0))] do
+ 95 (15™) — g5 (RS / 55 f(py™(0)) Ao
PR / [ (r572(6)) — Fu(557,(6)] db

+5; [gB(/J’ — 9z lj‘j / fB p]+1
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First, for 6,s € [0,1], and n > 1, we denote x}"(6,s), 4" (0,5) for 0 <j < M — 1 as
(4.12) £577(0,5) = sp (0) + (L —8)p3™(0),  &7"(0,8) = sp11(0) + (1 —s)p;" (0)
Noticing that for 1 <j < M —1

5 [f5 (057(0)) — fB (557(9))]

- [ / Fs (5570, 5)) ds — 65557 (0 )/01 f5(&5"(0,5)) ds

- / (£ (55760, ) — £l (757 (0,5))] 6.5 (9) dis
/ Fo (570, 9)) [0 p57(6) — 65 57(0)] d,

a careful calculation shows that
55 [p57(0) — p5"(0)]
=0 [2 Re ( (xj, n+1)5+ 4 X;ffrléJr (xj,tn+1))

+16+ E ’I’LJrl

_Xj

_ entlot an+1
NI IPY }

+<1—0>[2Re( (o )OI 4 A ()

sn1+5nl en—1¢t en—1
5 XJ+1 6 ] :|a

and VI=ODGT < VA 0) + e (e te)l, VIZONGTT < VET(0)
[u (2, ta-1)], as well as ‘/—|XE n+1| < VR 0) + [ut (a1, tng)]s \/_|XE "<
A5"’7.
s bn+
Vp:"(0) + |u(xj, tnt1)|. Moreover, from the Lipschitz property of fz (3.8), we have

4 13
‘ \/ﬁE,Jrl \/AE n
Recalling the boundedness of 6} p5"(0), g, (-) and f(-) as well as the Lipschitz prop-

erty of fi(s?), i.e., [f5(s1) — fp(s2)| < C|\/s1 — /52|, and combining the proof for
(4.11), we arrive at

I (055.0) = f5 (77" 0) | _
P (0) — p5 7 (0)

(4.14) / 55 [ (557 (0)) — 15 (557(0))] 6 - g, (A5)

SO (ST RGHIHIEIE™) -

m=n+1n—1

Second, from the property g, (-) € C§°, we know
10295 (5™ < C|5Jr
<C

HOIGT = 6 (g teg) — O U (5, t)] -
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In view of the boundedness of fg(s) as well as the proof for (4.11), we get

(4.15) | / [ (522(0) — F (5520)] d0 529, 5"
> (|xj+1| FIXG™ 18 -
m=n—1n+1

Third, noticing &, fp (p5"(6)) is bounded and g, (2) is Lipschitz, we have

1
(4.16) /0 55 f5 (p57(0)) dO- [, (u5™) — g, (A5™)] ‘ ST A G

Finally, denoting o7 (9), 67 () for 6 € [0,1] and 0 < j < M — 1 as
oT(0) = OuCTy + (1= O™, &7 (6) = B, + (1 — O)™,
and recalling the definition of p,(s) and g, (z), we find that
55 (95 (15™) — 95 (B5™)) = 65 [ps (5" )5 ™ = pp (185" [)A5"] = I + I
vty = [ 5215700, 07 0)) - 5500, (7(0)] .
0295(2) = s (|Z| )+|Z|2 (127),

157059, (07 (0)) = 61 50z, (67(6) | ab.

\

0z9, (2 )= (IZI )-

s bounded and the C§° property of p,(s), we know 0.9, (%) is

—-

Noticing ;7 5"
Lipschitz and

1
1= | [ 000070~ 0.9,6710)) 855" a9
1
+ [ @uj’”—&iﬂ?")@g}g( “(6)) o
0
5n+1 e,n—1
< max {[107(0)] — 167 () )
SO (ST ISR+ 1EG™)
m=n+1n—1

In the same spirit, we can get the same estimates for |I3| and obtain

(4.17) ) d0 -6 [9,(15™) — 9, (5™)]

Z (DG 1+ 185G 1+ X5 -

m=n—1,n+1

Combining (4.14), (4.15), (4.16), and (4.17), we finally prove the lemma. O
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Having Lemma 4.4, the local truncation error (4.8), and the initial error Lemma
3.3, following the analogous proof for SIFD, we could obtain

72

(4.18) X ll2 + 105X l2 S 22+ == m <

Rl

To complete the proof, we have to prove the (2.20) type estimate for x=™. It is a
straightforward extension of the proof for SIFD and the proof for Lemma 4.4. More
precisely, define

(419) >~<§7n = u(xjatn) - aj)n = X?n + u(xjatn) - ug(xjatn)a VAS ,T]\';[, n >0,

and the local truncation error 55’” € Xy forn>1and j€ Ty as

n . 1
(4.20) G = (10 — e267)u(wj,tn) + 552 (w(zj, tns1) + u(zj, tn-1))
+ Gp(u(z), tns1), u(zj, tn-1)).
Then we have
(4.21) I1C5™ |2 + (165 ¢ [le S h* + 72 %, n>1.

Subtracting (4.5) from (4.20), we obtain for n > 1

~g,N ~E,M 1 ~E,M ~&,n— Q€N Ten .
(422) W8T - PR + 502 (Rt x5 ) +05m =& =0, €T,

where 95" € X is given for j € Tpy and n > 1 as

(423) " =G (ulay, b)) ulay b)) — G (8575

7

Then the following lemma holds and we omit the proof here.
LEMMA 4.5. Under the assumptions in Theorem 2.1, for 9™ € X (n > 1) in
(4.23), we have

5 el L (o1 3¢,
OSSR+ I, 1605

SO (IEMIAHIEST G 0< i< M =1, n> 1.

m=n—1n+1

Following the analogous proof for the SIFD, in view of Lemma 4.5, local error
(4.21), and initial error Lemma 3.3, and recalling assumption (B), we can derive that

T
(4.24) X5z + 165X 2 S h? + 72 + €2, n < -

Proof of Theorem 2.1. Combining (4.18) and (4.24), analogous proof for SIFD
applies and the conclusion follows. 0

5. Numerical results. In this section, we report numerical results for both
SIFD (2.6) and CNFD (2.4) schemes applied to NLSW (2.1) with f(Ju|?) = —|u®|?.
The corresponding limiting NLS is the defocusing cubic NLS.
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TABLE 5.1
Spatial error analysis for SIFD scheme (2.6) with different € and h with norm |le|| g1 = |le||2 +
|65 ell2. The convergence rate is calculated as logs(|le(2h)|| g1 /lle(h)| g1)-

Case I, a =2
a=2 h=1/2 h=1/22 h=1/22 h=1/2* h=1/25 h=1/26 h=1/27
e=1/22 151E-1 4.05E-2  1.03E-2  257E-3  6.45E-4  1.60E-4  3.90E-5

1.90 1.98 2.00 1.99 2.01 2.04
e=1/23 1.94E-1 5.35E-2 1.36E-2 3.41E-3 8.51E-4 2.10E-4 4.92E-5
1.89 1.98 2.00 2.00 2.02 2.09
e=1/24 2.15E-1 6.05E-2 1.55E-2 3.88E-3 9.67E-4 2.39E-4 5.68E-5
1.83 1.96 2.00 2.00 2.02 2.07
e=1/2° 2.22E-1 6.29E-2 1.61E-2 4.04E-3 1.01E-3 2.49E-4 5.93E-5
1.82 1.97 1.99 2.00 2.02 2.07
e=1/28 2.23E-1 6.36E-2 1.63E-2 4.08E-3 1.02E-3 2.52E-4 6.00E-5
1.81 1.96 2.00 2.00 2.02 2.07
e=1/2" 2.24E-1 6.37E-2 1.63E-2 4.10E-3 1.02E-3 2.52E-4 6.01E-5
1.81 1.97 1.99 2.01 2.02 2.07
e=1/210  224E-1 6.38E-2 1.63E-2 4.10E-3 1.02E-3 2.53E-4 6.02E-5
1.81 1.97 1.99 2.01 2.01 2.07
e=1/220  224E-1 6.38E-2 1.63E-2 4.10E-3 1.02E-3 2.53E-4 6.02E-5
1.81 1.97 1.99 2.01 2.01 2.07
Case II, a =0

a=0 h=1/2 h=1/22 h=1/22 h=1/2* h=1/25 h=1/26 h=1/27
e=1/22 1.52E-1  4.09E-2 1.04E-2  2.60E-3  6.53E-4  1.62E-4  3.94E-5

1.89 1.98 2.00 1.99 2.01 2.04
e=1/23 1.95E-1 5.36E-2 1.36E-2 3.41E-3 8.52E-4 2.10E-4 4.93E-5
1.86 1.98 2.00 2.00 2.02 2.09
e=1/24 2.15E-1 6.05E-2 1.55E-2 3.88E-3 9.67E-4 2.39E-4 5.68E-5
1.83 1.96 2.00 2.00 2.02 2.07
e=1/2% 2.22E-1 6.29E-2 1.61E-2 4.04E-3 1.01E-3 2.49E-4 5.93E-5
1.82 1.97 1.99 2.00 2.02 2.07
e=1/26 2.23E-1 6.36E-2 1.63E-2 4.08E-3 1.02E-3 2.52E-4 6.00E-5
1.81 1.96 2.00 2.00 2.02 2.07
e=1/27 2.24E-1 6.37E-2 1.63E-2 4.10E-3 1.02E-3 2.52E-4 6.01E-5
1.81 1.97 1.99 2.01 2.02 2.07
e=1/210  2.24E-1 6.38E-2 1.63E-2 4.10E-3 1.02E-3 2.53E-4 6.02E-5
1.81 1.97 1.99 2.01 2.01 2.07
e=1/220  2.24E-1 6.38E-2 1.63E-2 4.10E-3 1.02E-3 2.53E-4 6.02E-5
1.81 1.97 1.99 2.01 2.01 2.07

1/4,—x%/2 —z2/2

For the numerical tests, we choose ug(z) = 7~/ %¢ and we(z) = e in
(2.1)—(2.3). The computational domain is chosen as [a,b] = [—16,16]. The “exact”
solution is computed with a very fine mesh A = 1/512 and time step 7 = 1076. We
study the following two cases of initial data:

Case I, a = 2, i.e., the well-prepared case,

Case I, a = 0, i.e., the ill-prepared case.

We measure the error ej, at time ¢ = 1 with the discrete H! norm |lep|| g1 =
lenll2 + 103 enll2-

Table 5.1 depicts spatial errors of SIFD for Cases I and II, for different h and
e, with fixed 7 = 1076, where the time step 7 is so small that the temporal error
can be neglected. From the table, we can conclude that SIFD is uniformly second
order accurate in h for all e. Tables 5.2 and 5.3 list temporal errors of SIFD for
Cases I and II, for different € and 7, with fixed h = 1/512. With this very fine mesh
h = 1/512, the spatial error can be ignored. Table 5.2 shows that when 7 is small
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TABLE 5.2
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Temporal error analysis for SIFD scheme (2.6) with different € and T with norm |le|| g .

Casel, a =2

a=2 T7=0.1 7':%—1 T:% T:% T:%ﬁl 7':%’—51 T:% :% :%’—81

€= 2% 1.10E-1 4.75E-2 1.49E-2 3.86E-3 9.70E-4 2.43E-4 6.10E-5 1.56E-5 4.47E-6
1.21 1.67 1.95 1.99 2.00 1.99 1.97 1.80

€= 2% 1.60E-1 5.06E-2 1.46E-2 5.45E-3 3.07E-3 8.27E-4 2.08E-4 5.21E-5 1.32E-5
1.66 1.79 1.42 0.83 1.89 1.99 2.00 1.98

€= 2%1 1.98E-1 6.02E-2 1.85E-2 4.78E-3 1.25E-3 4.14E-4 3.74E-4 1.81E-4 4.70E-5
1.72 1.70 1.95 1.94 1.59 0.15 1.05 1.95

€= 2% 1.90E-1 7.30E-2 1.92E-2 5.00E-3 1.39E-3 3.49E-4 8.75E-5 2.74E-5 1.65E-5
1.38 1.93 1.94 1.85 1.99 2.00 1.68 0.73

€= 2% 1.89E-1 6.87E-2 2.18E-2 5.28E-3 1.32E-3 3.34E-4 9.09E-5 2.17E-5 5.72E-6
1.46 1.66 2.06 2.00 1.98 1.88 2.07 1.92

€= 2% 1.89E-1 6.79E-2 2.06E-2 5.81E-3 1.36E-3 3.38E-4 8.26E-5 2.20E-5 5.54E-6
1.48 1.72 1.83 2.09 2.01 2.03 1.91 1.98

€= 2%0 1.89E-1 6.76E-2 2.01E-2 5.37E-3 1.37E-3 3.50E-4 9.27E-5 2.14E-5 5.31E-6
1.48 1.75 1.90 1.97 1.97 1.92 2.11 2.01

€= 2% 1.89E-1 6.76E-2 2.01E-2 5.37TE-3 1.36E-3 3.42E-4 8.56E-5 2.14E-5 5.35E-6
1.48 1.75 1.90 1.98 1.99 2.00 2.00 2.00

Case I, a =0

a=0 71=0.1 T:()é—l TZ% TZ% 7':%71 ng'sl TZ% TZ% 7':%’—81

e = 2% 2.91E-1 1.39E-1 4.05E-2 1.04E-2 2.63E-3 6.59E-4 1.66E-4 4.54E-5 1.11E-5
1.07 1.78 1.96 1.98 2.00 1.99 1.87 2.03

€= 2% 1.76E-1 9.04E-2 6.52E-2 7.35E-2 3.30E-2 8.71E-3 2.19E-3 5.50E-4 1.38E-4
0.96 0.47 -0.17 1.16 1.92 1.99 1.99 1.99

€= 2%1 1.96E-1 6.02E-2 2.10E-2 1.01E-2 1.98E-2 3.81E-3 1.92E-2 8.16E-3 2.11E-3
1.70 1.52 1.06 -0.97 2.38 -2.33 1.23 1.95

€= 2% 1.90E-1 7.26E-2 1.94E-2 6.11E-3 3.36E-3 3.61E-3 4.69E-3 1.01E-3 2.05E-3
1.39 1.90 1.67 0.86 -0.10 -0.38 2.22 -1.02

€= 2% 1.89E-1 6.87E-2 2.17E-2 5.32E-3 1.55E-3 8.15E-4 7.31E-4 1.39E-3 6.84E-4
1.46 1.66 2.03 1.78 0.93 0.16 -0.93 1.02

€= 2% 1.89E-1 6.78E-2 2.05E-2 5.81E-3 1.39E-3 4.37E-4 2.50E-4 2.03E-4 2.07E-4
1.48 1.73 1.82 2.06 1.67 0.81 0.30 -0.03

€= 2% 1.89E-1 6.77E-2 2.02E-2 5.48E-3 1.47E-3 3.46E-4 1.08E-4 6.21E-5 4.63E-5
1.48 1.74 1.88 1.90 2.09 1.68 0.80 0.42

€= 2% 1.89E-1 6.76E-2 2.02E-2 5.39E-3 1.39E-3 3.70E-4 8.70E-5 2.35E-5 1.60E-5
1.48 1.74 1.91 1.96 1.91 2.09 1.89 0.55

€= 2%0 1.89E-1 6.76E-2 2.01E-2 5.37E-3 1.37E-3 3.50E-4 9.28E-5 2.22E-5 7.78E-6
1.48 1.75 1.90 1.97 1.97 1.92 2.06 1.51

€= 2% 1.89E-1 6.76E-2 2.01E-2 5.37TE-3 1.36E-3 3.42E-4 8.56E-5 2.14E-5 5.35E-6
1.48 1.75 1.90 1.98 1.99 2.00 2.00 2.00

(upper triangle part), the temporal error is of second order for each €; when ¢ is small
(lower triangle part), the temporal error is also of second order; near the diagonal part
(for o = 2, slightly upper), the degeneracy of the second order accuracy is observed.
This confirms our error estimates (2.22) and (2.23) for SIFD. Table 5.3 presents the
errors of SIFD at the degeneracy regime for o = 2 in the regime 7 ~ 2, and resp.,
for o = 0 in the regime 7 ~ 3, predicted by our error estimates. The results clearly
demonstrate that SIFD converges at O(h?+7) and O(h? +712/3) for a = 2 and o = 0,
respectively. Similar tests were also carried out for CNFD and we obtain a similar
conclusion; thus they are omitted here for brevity.
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TABLE 5.3
Degeneracy of convergence rates for SIFD with h = 1/512, Case I and Case II. The
convergence rate is calculated as logs(||e(227,2€)|| g1 /lle(r,€)l|g1)/2 for o = 2 (Case 1) and

logy ([le(27, 2¢) | 11 /lle(T, )l 1) /3 for o =0 (Case 11).

o2 e=1 e=1/2 e=1/22 e=1/23 e=1/2%
B T=0.2 T =0.2/22 T =0.2/2% T =0.2/26 T =0.2/28
llell g 1.07E-1 1.77E-2 3.86E-3 8.27E-4 1.81E-4
1.30 1.10 1.11 1.10
=0 e=1/22 e=1/2? e=1/24 e=1/2° e=1/26
- 7=0.1 T =0.1/23 T=0.1/26 T=0.1/2° T=0.1/212
llell g 2.91E-1 7.35E-2 1.92E-2 4.83E-3 1.21E-3
1.99/3 1.94/3 1.99/3 2.00/3

6. Conclusion. We have analyzed the conservative CNFD method and the SIFD
method for discretizing the NLSW with perturbation strength of the wave operator
described by a dimensionless parameter ¢ (0 < ¢ < 1) in one, two, and three di-
mensions. The main difficulty in the analysis was that for 0 < ¢ < 1, the solution
of NLSW oscillated in time with O(e?) wavelength at amplitude of order O(e*) and
O(g?) for well-prepared and ill-prepared initial data, respectively. For both CNFD
and SIFD, we established the uniform convergence rates in ¢, at the order O(h? + 7)
and O(h? + 7%/3) for well-prepared and ill-prepared initial data, respectively, in 13-
norm and discrete semi-H ' norm with time step 7 and mesh size h. Numerical results
confirmed our theoretical analysis.
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