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UNIFORM ERROR ESTIMATES OF FINITE DIFFERENCE
METHODS FOR THE NONLINEAR SCHRÖDINGER EQUATION

WITH WAVE OPERATOR∗

WEIZHU BAO† AND YONGYONG CAI‡

Abstract. We establish uniform error estimates of finite difference methods for the nonlinear
Schrödinger equation (NLS) perturbed by the wave operator (NLSW) with a perturbation strength
described by a dimensionless parameter ε (ε ∈ (0, 1]). When ε → 0+, NLSW collapses to the
standard NLS. In the small perturbation parameter regime, i.e., 0 < ε � 1, the solution of NLSW is
perturbed from that of NLS with a function oscillating in time with O(ε2)-wavelength at O(ε4) and
O(ε2) amplitudes for well-prepared and ill-prepared initial data, respectively. This high oscillation
of the solution in time brings significant difficulties in establishing error estimates uniformly in ε
of the standard finite difference methods for NLSW, such as the conservative Crank–Nicolson finite
difference (CNFD) method, and the semi-implicit finite difference (SIFD) method. We obtain error
bounds uniformly in ε, at the order of O(h2 + τ) and O(h2 + τ2/3) with time step τ and mesh size h
for well-prepared and ill-prepared initial data, respectively, for both CNFD and SIFD in the l2-norm
and discrete semi-H1 norm. Our error bounds are valid for general nonlinearity in NLSW and for
one, two, and three dimensions. To derive these uniform error bounds, we combine ε-dependent
error estimates of NLSW, ε-dependent error bounds between the numerical approximate solutions
of NLSW and the solution of NLS, together with error bounds between the solutions of NLSW and
NLS. Other key techniques in the analysis include the energy method, cut-off of the nonlinearity, and
a posterior bound of the numerical solutions by using the inverse inequality and discrete semi-H1

norm estimate. Finally, numerical results are reported to confirm our error estimates of the numerical
methods and show that the convergence rates are sharp in the respective parameter regimes.
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1. Introduction. In this paper, we establish error estimates for finite difference
approximations of the nonlinear Schrödinger equation with wave operator (NLSW) in
d (d = 1, 2, 3) dimensions as

(1.1){
i∂tu

ε(x, t)− ε2∂ttu
ε(x, t) +∇2uε(x, t) + f(|uε|2)uε(x, t) = 0, x ∈ Rd, t > 0,

uε(x, 0) = u0(x), ∂tu
ε(x, 0) = uε

1(x), x ∈ Rd,

where t is time, x is the spatial variable, uε := uε(x, t) is a complex-valued function,
0 < ε ≤ 1 is a dimensionless parameter, f : [0,+∞) → R is a real-valued function,
and ∇2 = Δ is the d-dimensional Laplace operator. The above NLSW arises from
different physics applications, such as the nonrelativistic limit of the Klein–Gordon
equation [18, 22, 25], the Langmuir wave envelope approximation in plasma [7, 10],
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and modulated planar pulse approximation of the sine-Gordon equation for light bul-
lets [5, 27]. It is easy to see that NLSW has the following two important conserved
quantities, i.e., the mass

(1.2)

Nε(t) :=

∫
Rd

|uε(x, t)|2 dx− 2ε2
∫
Rd

Im
(
uε(x, t)∂tu

ε(x, t)
)
dx ≡ Nε(0), t ≥ 0,

and the energy
(1.3)

Eε(t) :=

∫
Rd

[
ε2|∂tuε(x, t)|2 + |∇uε(x, t)|2 − F (|uε(x, t)|2)

]
dx ≡ Eε(0), t ≥ 0,

where c̄ and Im(c) denote the conjugate and imaginary part of c, respectively, and F
is the primitive function of f defined as

(1.4) F (s) =

∫ s

0

f(ρ) dρ, s ≥ 0.

In the nonrelativistic limit of the Klein–Gordon equation and the singular limit
of the Langmuir wave envelope approximation, i.e., ε → 0+, NLSW (1.1) collapses to
the standard nonlinear Schrödinger equation (NLS) [7, 18, 22, 25]

(1.5)

{
i∂tu(x, t) +∇2u(x, t) + f(|u|2)u(x, t) = 0, x ∈ Rd, t > 0,

u(x, 0) = u0(x), x ∈ Rd,

and the corresponding conservation laws (1.2) and (1.3) hold for NLS with ε = 0. In
particular, it is proved in [7] that if the nonlinearity satisfies

|∂kf(ρ)| ≤ Kρσ−k for some constant K > 0 and σ ≥ 1, k = 0, 1, 2,

then for the initial data (u0, u
ε
1) ∈ H2 ×H2 with ‖uε

1‖H2 uniformly bounded, there
exists a constant T > 0 independent of ε such that the solution uε of NLSW (1.1)
and the solution u of NLS (1.5) exist on [0, T ] [18, 22, 25]. Furthermore, the following
convergence rate can be established (following [7]):

(1.6) ‖uε − u‖L∞([0,T ];H2) ≤ Cε2.

Formally, as ε → 0+, the solution of NLSW (1.1) exhibits oscillation in time t
with wavelength O(ε2) due to the wave operator and/or the initial data uε

1. Actually,
suppose the initial data uε

1 satisfies the condition

(1.7) uε
1(x) = i

(
∇2u0(x) + f(|u0(x)|2)u0(x)

)
+ εαw(x), x ∈ R

d, α ≥ 0;

then we would have the asymptotic expansion for the solution uε(x, t) of NLSW (1.1)
as

uε(x, t) = u(x, t) + ε2{terms without oscillation}(1.8)

+ ε2+min{α,2}v(x, t/ε2)

+ higher order terms with oscillation, x ∈ R
d, t ≥ 0,

where u := u(x, t) satisfies NLS (1.5). The expansion (1.8) can be verified in the spirit
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Fig. 1.1. Temporal profile of |uε(0, t)|2 and |u(0, t)|2 (left) and spatial profile of |uε(x, t = 1.5)|2
(right) for different ε with α = 0 and u0, w, f as given in section 5.

of [7], and we plot the densities |uε(0, t)|2 and |uε(x, t = 1.5)|2 in the case of α = 0
and d = 1 (cf. Figure 1.1).

Based on the above observation, we can make assumptions (A) and (B) (cf. sec-
tion 2.2) on the solution of NLSW. Furthermore, from (1.8), we can classify the initial
data into well-prepared (α ≥ 2) and ill-prepared (0 ≤ α < 2) cases. In fact, when
α > 2, the leading order oscillation term comes from the perturbation of the wave
operator, and, respectively, when 0 ≤ α < 2, it comes from the initial data.

Different kinds of numerical methods have been proposed for NLS in the literature,
such as the time-splitting pseudospectral method [6, 15, 21, 23] and the finite difference
methods [1]. However, few numerical methods have been considered for NLSW in the
literature, and most of them are the conservative finite difference methods [10, 14, 26].
For the corresponding error analysis on the split error for NLS, see [8, 11, 17, 19] and
the references therein. For the error estimates of the implicit Runge–Kutta finite
element method for NLS, see [2, 20]. Error bounds of conservative Crank–Nicolson
finite difference (CNFD) for NLS in one dimension (1D) have been established in
[9, 13]. For NLSW in 1D with ε = O(1), the error estimates of conservative finite
difference schemes have been obtained in [26]. However, the proofs in [26] rely strongly
on the conservative properties of the schemes and the discrete version of the Sobolev
inequality in 1D,

(1.9) ‖g‖2L∞ ≤ ‖g‖L2‖g′‖L2, ∀g ∈ H1
0 (U), U ⊂ R,

while the corresponding Sobolev inequality is unavailable in two (2D) and three (3D)
dimensions. (See [3] for a discussion on the NLS case.) Thus their proof cannot be ex-
tended to either higher dimensions (2D or 3D) or nonconservative schemes. Noticing
the above asymptotic expansion for NLSW, there exists high oscillation in time for
small ε, which would cause trouble in analyzing the discretizations for NLSW (1.1),
especially in the regime 0 < ε � 1. The main aim of this paper is to develop a unified
approach for establishing uniform error estimates in terms of ε ∈ (0, 1] for conserva-
tive CNFD and semi-implicit finite difference (SIFD) for NLSW (1.1) in d-dimensions
(d = 1, 2, 3). Our approach includes the energy method, the cut-off technique for
dealing with general nonlinearity, and the inverse inequality for obtaining a uniform
posterior bound of the numerical solution.
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The paper is organized as follows. In section 2, we introduce CNFD and SIFD
for the discretization of NLSW and state our main results. In section 3, we prove
in detail the uniform error estimates of SIFD by using the energy method, the cut-
off technique for nonlinearity, and inverse inequality, and a similar proof with key
steps for CNFD is presented in section 4. Numerical results are reported in section 5
to confirm our theoretical analysis. Finally, some conclusions are drawn in section 6.
Throughout the paper, we adopt the standard Sobolev spaces and their corresponding
norms, let C denote a generic constant independent of ε, mesh size h, and time step
τ , and use the notation A � B to mean that there exists a generic constant C which
is independent of ε, τ , and h such that |A| ≤ C B.

2. Finite difference schemes and main results. In practical computation,
NLSW (1.1) is usually truncated on a bounded interval Ω = (a, b) in 1D, or a bounded
rectangle Ω = (a, b)× (c, d) in 2D, or a bounded box Ω = (a, b)× (c, d)× (e, f) in 3D,
with zero Dirichlet boundary condition. For simplicity of notation, we only deal with
the case in 1D, i.e., d = 1 and Ω = (a, b). Extensions to 2D and 3D are straightforward,
and the error estimates in l2-norm and discrete semi-H1 norm are the same in 2D
and 3D. In 1D, NLSW (1.1) is truncated on an interval Ω = (a, b) as

(2.1)⎧⎪⎨
⎪⎩

i∂tu
ε(x, t)− ε2∂ttu

ε(x, t) + ∂xxu
ε(x, t) + f(|uε|2)uε(x, t) = 0, x ∈ Ω = (a, b) ⊂ R, t > 0,

uε(x, 0) = u0(x), ∂tu
ε(x, 0) = uε

1(x), x ∈ Ω = [a, b],

uε(x, t)
∣∣
∂Ω

= 0, t > 0.

Formally, as ε → 0+, (2.1) collapses to the standard NLS [7, 22, 25]

(2.2)

⎧⎪⎨⎪⎩
i∂tu(x, t) + ∂xxu(x, t) + f(|u|2)u(x, t) = 0, x ∈ Ω ⊂ R, t > 0,

u(x, 0) = u0(x), x ∈ Ω,

u(x, t)
∣∣
∂Ω

= 0, t > 0.

We assume that the initial data uε
1 satisfies the condition

uε
1(x) = u1(x) + εαwε(x),(2.3)

u1(x) := ∂tu(x, t)|t=0 = i
[
∂xxu0(x) + f(|u0(x)|2)u0(x)

]
, x ∈ Ω,

where wε is uniformly bounded in H2 (w.r.t. ε) with lim infε→0+ ‖wε‖H2 > 0 and
α ≥ 0 is a parameter describing the consistency of the initial data w.r.t. NLS (2.2).

2.1. Numerical methods. Choose time step τ := Δt and denote time steps as
tn := n τ for n = 0, 1, 2, . . . ; choose mesh size Δx := b−a

M with M being a positive
integer and denote h := Δx and grid points as xj := a+ jΔx, j = 0, 1, . . . ,M . Define
the index sets

TM = {j | j = 1, 2, . . . ,M − 1}, T 0
M = {j | j = 0, 1, 2, . . . ,M}.

Let uε,n
j and un

j be the numerical approximations of uε(xj , tn) and u(xj , tn), respec-

tively, for j ∈ T 0
M and n ≥ 0, and denote uε,n, un ∈ C(M+1) to be the numerical
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solutions at time t = tn. Introduce the following finite difference operators:

δ+x u
n
j =

1

h
(un

j+1 − un
j ), δ−x u

n
j =

1

h
(un

j − un
j−1),

δxu
n
j =

un
j+1 − un

j−1

2 h
, δ2xu

n
j =

un
j+1 − 2un

j + un
j−1

h2
,

δ+t u
n
j =

1

τ
(un+1

j − un
j ), δ−t u

n
j =

1

τ
(un

j − un−1
j ),

δtu
n
j =

un+1
j − un−1

j

2τ
, δ2t u

n
j =

un+1
j − 2un

j + un−1
j

τ2
.

The CNFD discretization of NLSW (2.1) reads as
(2.4)

(iδt − ε2δ2t )u
ε,n
j = −1

2

[
δ2xu

ε,n+1
j + δ2xu

ε,n−1
j

]
−G(uε,n+1

j , uε,n−1
j ), j ∈ TM , n ≥ 1,

where G(z1, z2) is defined for z1, z2 ∈ C as
(2.5)

G(z1, z2) :=

∫ 1

0

f(θ|z1|2 + (1− θ)|z2|2) dθ ·
z1 + z2

2
=

F (|z1|2)− F (|z2|2)
|z1|2 − |z2|2

· z1 + z2
2

.

This conservative CNFD type method is widely used for discretizing NLS and
NLSW in the mathematics literature since it can keep the mass and the energy con-
servation in the discretized level which is analogous to conservation in the continuous
level. However, for such a scheme, at each time step, a fully nonlinear system has to be
solved very accurately, which may be very time-consuming, especially in 2D and 3D.
In fact, if the nonlinear system is not solved very accurately, the numerical solution
computed doesn’t conserve the energy and/or mass exactly [3]. This motivates us also
to consider the following SIFD discretization for NLSW in which at each time step only
a linear system needs to be solved and it usually can be solved by fast direct Poisson
solver. The SIFD discretization for NLSW (2.1) is to apply Crank–Nicolson/leap-frog
schemes for discretizing linear/nonlinear terms, respectively, as

(2.6) iδtu
ε,n
j = ε2δ2t u

ε,n
j − 1

2

[
δ2xu

ε,n+1
j + δ2xu

ε,n−1
j

]
−f(|uε,n

j |2)uε,n
j , j ∈ TM , n ≥ 1.

For both schemes, the boundary and initial conditions are discretized as

(2.7) uε,n
0 = uε,n

M = 0, n ≥ 0; uε,0
j = u0(xj), j ∈ T 0

M .

Since CNFD (2.4) and SIFD (2.6) are three-level schemes, value at time step n = 1
should be assigned.

Choice of the first step value. Under the hypothesis of suitable regularity of
uε(x, t), one may use Taylor expansion to have

uε,1
j ≈ uε

0(xj) + τuε
t (xj , 0) +

τ2

2
uε
tt(xj , 0), uε

t (xj , 0) = uε
1(xj), j ∈ TM ,

(2.8)

uε
tt(xj , 0) =

1

ε2
[iuε

1(xj) + ∂xxu0(xj) + f(|u0|2)u0(xj)] = iεα−2wε(xj), j ∈ TM .

(2.9)

Due to the oscillation in time especially for the ill-prepared initial data case (0 ≤ α <
2), approximation (2.8) is not appropriate if ε � 1. In such case, τ has to be very
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small to resolve the error from the Taylor expansion (2.8). Our aim is to obtain a
suitable choice of the first step value uε,1

j which is uniformly accurate for all ε ∈ (0, 1].
Denote

(2.10) Θ(v) = ∂xxv + f(|v|2)v, v ∈ H2(Ω);

then by integrating NLSW (2.1) w.r.t. t, we can write the solution uε(x, t) as

(2.11) uε(x, t) = u0(x)− iε2(eit/ε
2

− 1)uε
1(x)− i

∫ t

0

(ei(t−s)/ε2 − 1)Θ(uε(x, s)) ds.

Rewriting the integral term as∫ t

0

(ei(t−s)/ε2 − 1)Θ(uε(s)) ds

=

∫ t

0

(ei(t−s)/ε2 − 1) [Θ(uε(s))−Θ(uε(0)) + Θ(uε(0))] ds

=
[
−iε2(eit/ε

2 − 1)− t
]
Θ(uε(0))

+

∫ t

0

(
ei(t−s)/ε2 − 1

)
[Θ(uε(s)) −Θ(uε(0))] ds,

then applying the trapezoidal rule to the integral in the right-hand side, we could
obtain a second order approximation of uε(x, τ) as

(2.12) uε(x, τ) ≈ u0(x) − ε2(eiτ/ε
2 − 1)(iuε

1(x) + Θ(uε(x, 0))) + iτΘ(uε(x, 0)).

Hence, we propose the first step as

(2.13) uε,1
j = u0(xj)− iε2+α(eiτ/ε

2 − 1)wε(xj) + iτΘj , j ∈ TM ,

where Θj is given by

(2.14) Θj = δ2xu0(xj) + f(|u0(xj)|2)u0(xj), j ∈ TM .

Now (2.4) or (2.6), together with (2.7) and (2.13), complete the scheme CNFD or
SIFD for NLSW (2.1). For both CNFD and SIFD schemes, we can prove the uniform
convergence rates at the order of O(h2 + τ) and O(h2 + τ2/3) for well-prepared and
ill-prepared initial data, respectively.

2.2. Main results. Before introducing our main results, we denote

XM =
{
v = (vj)j∈T 0

M
| v0 = vM = 0

}
⊂ C

M+1

and define the norms and inner product over XM as

‖v‖22 = h
M−1∑
j=0

|vj |2, ‖δ+x v‖22 = h
M−1∑
j=0

∣∣δ+x vj∣∣2 ,
‖δ2xv‖22 = h

M−1∑
j=1

∣∣δ2xvj∣∣2 , ‖v‖∞ = sup
j∈T 0

M

|vj |,

(u, v) = h
M−1∑
j=0

uj v̄j , 〈u, v〉 = h
M−1∑
j=1

uj v̄j ∀u, v ∈ XM .(2.15)
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For simplicity of notation, we also define

(2.16) α∗ = min{α, 2}.

According to the known results in [7, 18, 22, 25] and the asymptotic expansion in
section 1, we can make assumptions on the initial data (2.3) for (2.1),

(A) 1 � ‖wε(x)‖L∞(Ω)+‖∂xwε(x)‖L∞(Ω)+‖∂xxwε(x)‖L∞(Ω) � 1,

and assumptions on uε(·, t) and u(·, t) for 0 < T < Tmax with Tmax being the maximal
common existing time and ΩT = Ω× [0, T ],

(B) u, uε ∈ C4
(
[0, T ];W 1,∞(Ω)

)
∩C2

(
[0, T ];W 3,∞(Ω)

)
∩ C0

(
[0, T ];W 5,∞(Ω) ∩H1

0 (Ω)
)
,

‖uε‖L∞(ΩT ) + ‖∂tuε‖L∞(ΩT ) +
5∑

m=1

∥∥∥∥ ∂m

∂xm
uε

∥∥∥∥
L∞(ΩT )

� 1,

and ‖ ∂m+n

∂tm∂xn
uε‖L∞(ΩT ) �

1

ε2m−2−α∗ , 2 ≤ m ≤ 4, m+ n ≤ 5.

Under assumptions (A) and (B), the following convergence rate holds:

(2.17) ‖u(t)− uε(t)‖W 2,∞(Ω) � ε2, t ∈ [0, T ].

Define the “error” function eε,n ∈ XM for n ≥ 0 as

(2.18) eε,nj = uε(xj , tn)− uε,n
j , j ∈ TM .

Then we have the following estimates.
Theorem 2.1 (convergence of CNFD). Assume f(s) ∈ C3([0,+∞)); under

assumptions (A) and (B), there exist h0 > 0 and τ0 > 0 sufficiently small, when
0 < h ≤ h0 and 0 < τ ≤ τ0, the CNFD method (2.6) with (2.7) and (2.13) admits a
solution such that the following optimal error estimates hold:

‖eε,n‖2 + ‖δ+x eε,n‖2 � h2 +
τ2

ε4−α∗ , 0 ≤ n ≤ T

τ
,(2.19)

‖eε,n‖2 + ‖δ+x eε,n‖2 � h2 + τ2 + ε2, 0 ≤ n ≤ T

τ
.(2.20)

Thus, by taking the minimum, we have the ε-independent convergence rate as

(2.21) ‖eε,n‖2 + ‖δ+x eε,n‖2 � h2 + τ4/(6−α∗), 0 ≤ n ≤ T

τ
.

Similarly, for the SIFD method, we have the next theorem.
Theorem 2.2 (convergence of SIFD). Assume f(s) ∈ C2([0,+∞)); under as-

sumptions (A) and (B), there exists h0 > 0 and τ0 > 0 sufficiently small, when
0 < h ≤ h0 and 0 < τ ≤ τ0, the SIFD discretization (2.6) with (2.7) and (2.13)
admits a unique solution and the following optimal error estimates hold:

‖eε,n‖2 + ‖δ+x eε,n‖2 � h2 +
τ2

ε4−α∗ , 0 ≤ n ≤ T

τ
,(2.22)

‖eε,n‖2 + ‖δ+x eε,n‖2 � h2 + τ2 + ε2, 0 ≤ n ≤ T

τ
.(2.23)

Thus, by taking the minimum, we have the ε-independent convergence rate as

(2.24) ‖eε,n‖2 + ‖δ+x eε,n‖2 � h2 + τ4/(6−α∗), 0 ≤ n ≤ T

τ
.
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3. Convergence of the SIFD scheme. In order to prove Theorem 2.2 for
SIFD, we first establish the following lemmas.

Lemma 3.1 (solvability of SIFD). For any given uε,0, uε,1 ∈ XM , there exists a
unique solution uε,n ∈ XM of (2.6) with (2.7) for n > 1.

Proof. Standard fixed point arguments apply (see [3]) and we omit the proof for
brevity.

Denote the local truncation error ηε,n ∈ XM of SIFD (2.6) with (2.7) and (2.13)
for n ≥ 1 and j ∈ TM as

ηε,nj := (iδt − ε2δ2t )u
ε(xj , tn) +

1

2
(δ2xu

ε(xj , tn+1)

+ δ2xu
ε(xj , tn−1)) + f(|uε(xj , tn)|2)uε(xj , tn).

Lemma 3.2 (local truncation error for SIFD). Under assumption (B), assume
f ∈ C1([0,∞)); we have

(3.1) ‖ηε,n‖2 + ‖δ+x ηε,n‖2 � h2 +
τ2

ε4−α∗ , 1 ≤ n ≤ T

τ
− 1.

Proof. Using the Taylor expansion and NLSW (2.1), we obtain for j ∈ TM and
n ≥ 1,

ηε,nj =
iτ2

2

∫ 1

0

∫ θ

0

∫ s

−s

uε
ttt(xj , στ + tn) dσdsdθ

− ε2τ2
∫ 1

0

∫ θ

0

∫ s

0

∫ σ

−σ

uε
tttt(xj , s1τ + tn) ds1dσdsdθ

+
h2

2

∫ 1

0

∫ θ

0

∫ s

0

∫ σ

−σ

∑
k=±1

uε
xxxx(xj + s1h, tn + kτ)ds1dσdsdθ

+
τ2

2

∫ 1

0

∫ θ

−θ

uε
xxtt(xj , sτ + tn)dsdθ.

Under assumption (B), using the triangle inequality, for j ∈ TM and n ≥ 1, we get

|ηε,nj | � h2‖∂xxxxuε‖L∞ + τ2
(
‖∂tttuε‖L∞ + ε2‖∂ttttuε‖L∞ + ‖∂xxttuε‖L∞

)
� h2 +

τ2

ε4−α∗ ,

where the L∞-norm means ‖u‖L∞ := sup0≤t≤T supx∈Ω |u(x, t)|. The first conclusion
of the lemma then follows. For 1 ≤ j ≤ M − 2, applying δ+x to ηε,nj and using the

formula above, noticing f ∈ C1([0,∞)), it is easy to check that

|δ+x η
ε,n
j | � h2‖∂xxxxxuε‖L∞ + τ2

(
‖∂tttxuε‖L∞ + ε2‖∂ttttxuε‖L∞ + ‖∂xxxttuε‖L∞

)
� h2 +

τ2

ε4−α∗ .

For j=0 andM−1, we apply the boundary condition to deduce that ∂k

∂tk
uε(x, t)|x∈∂Ω=

0 for k ≥ 0, and (2.1) shows that uε
xx(x, t)|x∈∂Ω = 0, uε

xxtt(x, t)|x∈∂Ω = 0 and
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uε
xxxx(x, t)|x∈∂Ω = 0. Similar to the above, we can get the same estimates for

j = 0,M − 1. Thus, we complete the proof.
Since uε,0 and uε,1 are known, we have the error estimates at the first step.
Lemma 3.3 (error bounds at n = 1). Under assumptions (A) and (B), we have

‖eε,1‖2 + ‖δ+x eε,1‖2 + ‖δ2xeε,1‖2 � h2 +
τ2

ε4−α∗ ,(3.2)

‖δ+t eε,0‖2 + ‖δ+t δ+x eε,0‖2 � h2 +
τ2

ε4−α∗ ,

‖eε,1‖2 + ‖δ+x eε,1‖2 + ‖δ2xeε,1‖2 � h2 + τ2 + ε2,(3.3)

‖δ+t eε,0‖2 + ‖δ+t δ+x eε,0‖2 � 1.

Proof. By definition, eε,0 = 0 ∈ CM+1. For n = 1, recalling NLSW (2.1) and the
choice of uε,1 (2.13), using the Taylor expansion, we see that for j ∈ TM

uε(xj , τ) = u0(xj) + τ(i
(
∂xxu0(xj) + f(|u0(xj)|2)u0(xj)

)
+ εαwε(xj))

+
iτ2

2
εα−2wε(xj) +

1

2

∫ τ

0

uε
ttt(xj , s) · (τ − s)2 ds,

uε,1
j = u0(xj) + τ

[
i
(
∂xxu0(xj) + f(|u0(xj)|2)u0(xj)

)
+ εαwε(xj)

]
+

[
−τ − iε2

(
i
τ

ε2
− τ2

2ε4
+ O(τ3ε−6)

)]
εαwε(xj)

+
iτh2

12
∂xxxxu0(xj + θ

(1)
j h),

eε,1j = uε(xj , τ)− uε,1
j = − iτh2

12
∂xxxxu0(xj + θ

(1)
j h)

+
τ3

6
∂tttu

ε(xj , θ
(2)
j τ) +O

(
τ3

ε4−α

)
wε(xj),

where θ
(1)
j ∈ [−1, 1], θ

(2)
j ∈ [0, 1] are constants. Noticing that for ε ∈ (0, 1], 1

ε4−α ≤
1

ε4−α∗ , it is easy to get the conclusion in (3.2) for ‖eε,1‖2 + ‖δ+x eε,1‖2 (the boundary

case is the same as that in Lemma 3.2) and ‖δ+t eε,0‖2. For 1 ≤ j ≤ M − 1, we can get

|δ2xe
ε,1
j | � O

(
τ3

ε4−α

)
· ‖∂xxwε‖L∞(Ω) + τh‖∂xxxxxu0‖L∞(Ω)

+

∫ τ

0

s2ds‖∂tttxxuε‖L∞(ΩT ) � h2 +
τ2

ε4−α∗ ,

|δ+t δ+x e
ε,0
j | � O

(
τ2

ε4−α

)
‖∂xwε‖L∞(Ω) + h2‖∂xxxxxu0‖L∞(Ω)

+ τ2‖∂tttxuε‖L∞(ΩT ) � h2 +
τ2

ε4−α∗ ,

which implies the results for ‖δ+t δ+x eε,0‖2 (the boundary case is similar to the above)
and ‖δ2xeε,1‖2 in (3.2).
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For the assertion (3.3), we use the relation between u(x, t) and uε(x, t). Taylor
expansion would give for 1 ≤ j ≤ M − 1

u(xj , τ) − uε,1
j = − iτh2

12
∂xxxxu0(xj + θ

(2)
j h)

+

∫ τ

0

∂ttu(xj , s)(τ − s) ds+ iε2+α(eiτ/ε
2 − 1)wε(xj)

and ∣∣∣δ+x (
u(xj , τ)− uε,1

j

)∣∣∣ � τh2‖∂xxxxxu0‖L∞ + τ2‖∂ttxu‖L∞ + ε2‖∂xwε‖L∞ ,∣∣∣δ2x (u(xj , τ)− uε,1
j

)∣∣∣ � τh‖∂xxxxxu0‖L∞ + τ2‖∂ttxxu‖L∞ + ε2‖∂xxwε‖L∞ ,

and it is convenient to use the boundary condition as before to find that
(3.4)

‖u(xj , τ)− uε,1
j ‖2 + ‖δ+x

(
u(xj , τ) − uε,1

j

)
‖2 + ‖δ2x

(
u(xj , τ)− uε,1

j

)
‖2 � h2 + τ2 + ε2.

Recalling the convergence |uε(xj , τ)− u(xj , τ)| � ε2 and∣∣δ+x [uε(xj , τ)− u(xj , τ)]
∣∣ � ε2 + h2(‖uxxx‖L∞(ΩT ) + ‖uε

xxx‖L∞(ΩT )),∣∣δ2x [uε(xj , τ)− u(xj , τ)]
∣∣ � ε2 + h2(‖uxxxx‖L∞(ΩT ) + ‖uε

xxxx‖L∞(ΩT )),

the triangular inequality then gives the conclusion for ‖eε,1‖2 + ‖δ+x eε,1‖2 + ‖δ2xeε,1‖2
in (3.3).

Similarly, for 0 ≤ j ≤ M − 1∣∣∣δ+t (
u(xj , 0)− uε,0

j

)∣∣∣ � h2‖∂xxxxu0‖L∞(Ω) + τ‖∂ttu‖L∞(ΩT ) + εα‖wε‖L∞(Ω),∣∣∣δ+t δ+x (
u(xj , 0)− uε,0

j

)∣∣∣ � h2‖∂xxxxxu0‖L∞(Ω) + τ‖∂ttxu‖L∞(ΩT ) + εα‖∂xwε‖L∞(Ω),

combined with the triangle inequality and assumption (B), which implies

(3.5)
∣∣δ+t uε(xj , 0)− δ+t u(xj , 0)

∣∣+ ∣∣δ+t δ+x uε(xj , 0)− δ+t δ
+
x u(xj , 0)

∣∣ � 1,

we draw conclusion (3.3) for ‖δ+t eε,0‖2 + ‖δ+t δ+x eε,0‖2.
One main difficulty in deriving error bounds for SIFD and/or in high dimensions

is the l∞ bounds for the finite difference solutions. In [2, 3, 4, 24], this difficulty was
overcome by truncating the nonlinearity f to a global Lipschitz function with compact
support in d-dimensions (d = 1, 2, 3). This is guaranteed if the continuous solution
is bounded and the numerical solution is close to the continuous solution. Here, we
apply the same idea. Choose M0 > 0 and a smooth function ρ(s) ∈ C∞(R1) such that

M0 = max

{
‖u(x, t)‖L∞(ΩT ), sup

ε∈(0,1]

‖uε(x, t)‖L∞(ΩT )

}
,(3.6)

ρ(s) = s

⎧⎨⎩
1, 0 ≤ |s| ≤ 1 ,
∈ [0, 1], 1 ≤ |s| ≤ 2 ,
0, |s| ≥ 2 .
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By assumption (B), M0 is well defined and let us denote B = (M0 + 1)2. For s ≥ 0
and z ∈ C, define
(3.7)

fB(s) = f(s)ρ(s/B), FB(s) =

∫ s

0

fB(σ)dσ, ρB
(s) = ρ(s/B), g

B
(z) = zρ

B
(|z|2).

Then fB(s) and g
B
(z) are global Lipschitz and

(3.8) |fB(s1)− fB(s2)| ≤ CB|
√
s1 −

√
s2|, ∀s1, s2 ≥ 0.

Choose vε,0 = uε,0, vε,1 = uε,1, and define vε,n+1 ∈ XM (n ≥ 1) for j ∈ TM as

(3.9)
(
iδt − ε2δ2t

)
vε,nj +

1

2
(δ2xv

ε,n+1
j + δ2xv

ε,n−1
j ) + fB(|vε,nj |2)vε,nj = 0.

In fact, vε,n can be viewed as another approximation of uε(x, tn).
Define the “error” function êε,n ∈ XM as

(3.10) êε,nj := uε(xj , tn)− vε,nj , j ∈ T 0
M , n ≥ 0,

and the local truncation error η̂ε,n ∈ XM for n ≥ 1 and j ∈ TM as
(3.11)

η̂ε,nj := (iδt − ε2δ2t + fB(|uε(xj , tn)|2))uε(xj , tn) +
1

2
(δ2xu

ε(xj , tn+1) + δ2xu
ε(xj , tn−1)).

Similar as Lemma 3.2, we have the bounds for η̂ε,n (n ≥ 1) as

(3.12) ‖η̂ε,n‖2 + ‖δ+x η̂ε,n‖2 � h2 +
τ2

ε4−α∗ .

Subtracting (3.9) from (3.11), we obtain the error equation for êε,n ∈ XM as

(3.13)
(
iδt − ε2δ2t

)
êε,nj +

1

2
(δ2xê

ε,n+1
j + δ2xê

ε,n−1
j )− η̂ε,nj + ξε,nj = 0, n ≥ 1,

where ξε,n ∈ XM (n ≥ 1) is defined for j ∈ TM as

(3.14) ξε,nj = fB(|vε,nj |2)êε,nj + uε(xj , tn)
(
fB(|uε(xj , tn)|2)− fB(|vε,nj |2)

)
.

For ξε,n, we have the following properties.
Lemma 3.4. Under the assumptions in Theorem 2.2, for ξε,n ∈ XM (n ≥ 1) in

(3.14), we have
(3.15)

|ξε,nj | � |êε,nj |, |δ+x ξ
ε,n
j | � |êε,nj |+ |êε,nj+1|+ |δ+x ê

ε,n
j |, 0 ≤ j ≤ M − 1, 1 ≤ n ≤ T

τ
.

Proof. Using the properties of fB(s), it is easy to obtain

(3.16) |ξε,nj | � |êε,nj |, j ∈ T 0
M , n ≥ 1.

For 0 ≤ j ≤ M − 1, n ≥ 1, and θ ∈ [0, 1], denote

(3.17) uε
j,θ = θuε(xj+1, tn) + (1− θ)uε(xj , tn), vεj,θ = θvε,nj+1 + (1− θ)vε,nj ;
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then we have

δ+x ξ
ε,n
j = δ+x

(
f(|uε(xj , tn)|2)uε(xj , tn)

)
− δ+x

(
f(|vε,nj |2)vε,nj

)
= I1 − I2 with

I1 =

∫ 1

0

[ (
fB(|uε

j,θ|2) + f ′
B(|uε

j,θ|2)|uε
j,θ|2

)
δ+x u

ε(xj , tn)

+ f ′
B(|uε

j,θ|2)(uε
j,θ)

2δ+x u
ε(xj , tn)

]
dθ,

I2 =

∫ 1

0

[ (
fB(|vεj,θ|2) + f ′

B(|vεj,θ|2)|vεj,θ|2
)
δ+x v

ε,n
j + f ′

B(|vεj,θ |2)(vεj,θ)2δ+x v
ε,n
j

]
dθ.

Using the definition of fB, it is easy to see fB ∈ C2
0 (R) and the following holds:∣∣∣∣ [(fB(|uε

j,θ|2) + f ′
B(|uε

j,θ|2)|uε
j,θ|2

)
−
(
fB(|vεj,θ|2) + f ′

B(|vεj,θ|2)|vεj,θ|2
)]

δ+x u
ε(xj , tn)

∣∣∣∣
�
∣∣ |uε

j,θ| − |vεj,θ|
∣∣ � |êε,nj |+ |êε,nj+1|,∣∣∣∣ [f ′

B(|uε
j,θ|2)(uε

j,θ)
2 − f ′

B(|vεj,θ |2)(vεj,θ)2
]
δ+x uε(xj , tn)

∣∣∣∣
�
∣∣|uε

j,θ| − |vεj,θ|
∣∣ � |êε,nj |+ |êε,nj+1|,∣∣∣∣ [fB(|vεj,θ|2) + f ′

B(|vεj,θ|2)|vεj,θ|2
]
(δ+x u

ε(xj , tn)− δ+x v
ε,n
j )

∣∣∣∣ � |δ+x ê
ε,n
j |,∣∣∣f ′

B(|vεj,θ|2)(vεj,θ)2
(
δ+x uε(xj , tn)− δ+x v

ε,n
j

)∣∣∣ � |δ+x ê
ε,n
j |.

Hence, we get the desired conclusion. The proof is complete.
Proof of Theorem 2.2. The proof is divided into three main steps.
Step 1: Establish (2.22)-type error bound for êε,n. From the error equation (3.13),

multiplying both sides of (3.13) by êε,n+1
j + êε,n−1

j and summing for j ∈ TM , using
the summation by parts formula, and taking imaginary parts, we have

‖êε,n+1‖22 + 4ε2 Im
(
êε,n, δ+t ê

ε,n
)
−
{
‖êε,n−1‖22 + 4ε2 Im

(
êε,n−1, δ+t ê

ε,n−1
)}

= −2τIm
(
ξε,n − η̂ε,n, êε,n+1 + êε,n−1

)
, n ≥ 1.(3.18)

Adding (3.18) for 1, 2, . . . , n (n ≤ T
τ −1), in view of Lemma 3.4 and the local truncation

error (3.11), we have

(3.19) ‖êε,n+1‖22+‖êε,n‖22+4ε2Im
(
ên, δ+t ê

ε,n
)
� nτ

(
h2 +

τ2

ε4−α∗

)2

+τ
n+1∑
m=1

‖êε,m‖22.

Multiplying both sides of (3.13) by êε,n+1
j − êε,n−1

j and summing for j ∈ TM , using
the summation by parts formula, and taking real parts, we have

−
(
ε2‖δ+t êε,n‖22 +

1

2
‖δ+x êε,n+1‖22

)
+

(
ε2‖δ+t êε,n−1‖22 +

1

2
‖δ+x êε,n−1‖22

)
= −Re

(
ξε,n − η̂ε,n, êε,n+1 − êε,n−1

)
,(3.20)
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where Re(c) denotes the real part of c. Noticing that∣∣∣∣Re (ξε,n − η̂ε,n, êε,n+1 − êε,n−1
) ∣∣∣∣ = τ

∣∣∣∣Re (ξε,n − η̂ε,n, δ+t ê
ε,n + δ+t ê

ε,n−1
) ∣∣∣∣

≤ Cτ

ε2

[(
h2 +

τ2

ε4−α∗

)2

+ ‖êε,n‖22

]
+ τε2

(
‖δ+t êε,n−1‖22 + ‖δ+t êε,n‖22

)
,

combined with (3.20), taking summation for 1, 2, . . . , n, and using Lemma 3.3, we find
that

(3.21)

ε2‖δ+t êε,n‖22 +
1

2
‖δ+x êε,n+1‖22 +

1

2
‖δ+x êε,n‖22

� nτ

ε2

(
h2 +

τ2

ε4−α∗

)2

+ τ

n∑
m=1

ε2‖δ+t êε,m‖22 + τ

n+1∑
m=1

1

ε2
‖êε,m‖22, 1 ≤ n ≤ T

τ
− 1.

For 1 ≤ n ≤ T
τ − 1, define

(3.22)

Sn = 8

(
ε2‖δ+t êε,n‖22 +

1

2
‖δ+x êε,n+1‖22 +

1

2
‖δ+x êε,n‖22

)
+

1

2ε2
(
‖êε,n+1‖22 + ‖êε,n‖22

)
.

In view of the Cauchy inequality which implies

8ε2‖δ+t êε,n‖22 +
1

2ε2
‖êε,n‖22 ≥ 4|

(
δ+t ê

ε,n, êε,n
)
|,

together with 1
ε2 × (3.19) + 16× (3.21), we obtain

(3.23) Sn � nτ

ε2

(
h2 +

τ2

ε4−α∗

)2

+ τ

n∑
m=1

Sm, 1 ≤ n ≤ T

τ
− 1.

Hence, the discrete Gronwall inequality [9, 13] implies that for τ small enough,

(3.24) Sn � 1

ε2

(
h2 +

τ2

ε4−α∗

)2

, 1 ≤ n ≤ T

τ
− 1.

In particular, we have established the l2 error bounds

(3.25) ‖êε,n‖2 � h2 +
τ2

ε4−α∗ , n ≤ T

τ
.

However, the discrete semi-H1 convergence is not optimal. In order to derive the
optimal convergence rate in discrete semi-H1 norm, multiplying both sides of (3.13)

by δ2x(ê
ε,n+1
j + êε,n−1

j ), then summing together for j = 1, 2, . . . ,M − 1, after taking
the imaginary parts of both sides and applying the summation by parts formula, and



UNIFORM ERROR ESTIMATES OF FDMs FOR NLSW 505

using the l2 error estimates (3.25), we have for 1 ≤ n ≤ T
τ − 1

‖δ+x êε,n+1‖22 + 4ε2 Im
(
δ+x ê

ε,n, δ+t δ
+
x ê

ε,n
)

−
{
‖δ+x êε,n−1‖22 + 4ε2 Im

(
δ+x ê

ε,n−1, δ+t δ
+
x ê

ε,n−1
)}

= −2τ Im
〈
ξε,n − η̂ε,n, δ2x(ê

ε,n+1 + êε,n−1)
〉

= 2τIm
(
δ+x ξ

ε,n − δ+x η̂
ε,n, δ+x ê

ε,n+1 + δ+x ê
ε,n−1

)
≤ Cτ

[
‖δ+x êε,n+1‖22 + ‖δ+x êε,n‖22 + ‖δ+x êε,n−1‖22 + ‖êε,n‖22 +

(
h2 +

τ2

ε4−α∗

)2
]

≤ Cτ

(
h2 +

τ2

ε4−α∗

)2

+ Cτ(‖δ+x êε,n+1‖22 + ‖δ+x êε,n‖22 + ‖δ+x êε,n−1‖22).

Summing the above inequalities for 1, 2, . . . , n and making use of Lemma 3.3, we then
have

‖δ+x êε,n+1‖22 + ‖δ+x êε,n‖22 + 4ε2 Im
(
δ+x ê

ε,n, δ+t δ
+
x ê

ε,n
)

≤ nτ

(
h2 +

τ2

ε4−α∗

)2

+ τ
n+1∑
m=1

‖δ+x êε,m‖22 + ‖δ+x êε,1‖22

+ ‖δ+x êε,0‖22 + 4ε2 Im
(
δ+x ê

ε,0, δ+t δ
+
x ê

ε,0
)

�
(
h2 +

τ2

ε4−α∗

)2

+ τ

n+1∑
m=1

‖δ+x êε,m‖22, 1 ≤ n ≤ T

τ
− 1.(3.26)

Multiplying both sides of (3.13) by δ2x(ê
ε,n+1
j − êε,n−1

j ), summing up together for j =
1, 2, . . . ,M − 1, then taking the real parts of both sides and applying the summation
by parts formula, and using the l2 error estimates (3.25) and the local truncation
error (3.11), we have for n ≥ 1

ε2‖δ+t δ+x êε,n‖22 +
1

2
‖δ2xêε,n+1‖22 − ε2‖δ+t δ+x êε,n−1‖22 −

1

2
‖δ2xêε,n−1‖22

= Re
〈
ξε,n − η̂ε,n, δ2x(ê

ε,n+1
j − êε,n−1

j )
〉

= −Re
(
δ+x ξ

ε,n − δ+x η̂
ε,n, δ+x (ê

ε,n+1
j − êε,n−1

j )
)

= −τRe
(
δ+x ξ

ε,n − δ+x η̂
ε,n, δ+t δ

+
x ê

ε,n
j + δ+t δ

+
x ê

ε,n−1
j

)
≤ τ

(
ε2‖δ+t δ+x êε,n−1‖22 + ε2‖δ+t δ+x êε,n‖22

)
+

Cτ

ε2
‖δ+x êε,n‖22 +

Cτ

ε2

(
h2 +

τ2

ε4−α∗

)2

.

Summing the above inequalities together for 1, 2, . . . , n and using Lemma 3.3, we find
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that for 1 ≤ n ≤ T
τ − 1

ε2‖δ+t δ+x êε,n‖22 + ‖δ2xêε,n+1‖22 · 1/2 + ‖δ2xêε,n‖22 · 1/2

� τ

n∑
m=1

ε2‖δ+t êε,m‖22 +
τ

ε2

n+1∑
m=1

‖δ+x êε,m‖22 + ‖δ2xêε,1‖22

+ ε2‖δ+t δ+x êε,0‖22 +
1

ε2

(
h2 +

τ2

ε4−α∗

)2

� τ

n∑
m=1

ε2‖δ+t δ+x êε,m‖22 +
τ

ε2

n+1∑
m=1

‖δ+x êε,m‖22 +
1

ε2

(
h2 +

τ2

ε4−α∗

)2

.(3.27)

In view of (3.26) and (3.27), define T n for n ≥ 1 as

T n = 8

(
ε2‖δ+t δ+x êε,n‖22 +

1

2
‖δ2xêε,n+1‖22 +

1

2
‖δ2xêε,n‖22

)
(3.28)

+
1

2ε2
(
‖δ+x êε,n+1‖22 + ‖δ+x êε,n‖22

)
.

Again, the Cauchy inequality with 1
ε2 × (3.26) + 16× (3.27) will give that

(3.29) T n � 1

ε2

(
h2 +

τ2

ε4−α∗

)2

+ τ
n∑

m=1

T m, 1 ≤ n ≤ T

τ
− 1.

Then the discrete Gronwall inequality [9, 13] will imply that for τ small enough,

(3.30) T n � 1

ε2

(
h2 +

τ2

ε4−α∗

)2

, 1 ≤ n ≤ T

τ
− 1.

Hence, the discrete semi-H1 bounds for the error êε,n holds as

(3.31) ‖δ+x êε,n‖2 � h2 +
τ2

ε4−α∗ , n ≤ T

τ
.

Step 2: Prove (2.23)-type error bound for êε,n. For the approximation vε,n ∈ XM

defined in (3.9), introduce the “biased error” function ẽε,n ∈ XM , i.e., the difference
between vε,n and the solution u(x, tn) of NLS (2.2), for j ∈ TM as

(3.32) ẽε,nj = u(xj , tn)− vε,nj , n ≥ 0.

Define the “local truncation error” η̃ε,n ∈ XM for n ≥ 1 and j ∈ TM as
(3.33)

η̃ε,nj := (iδt − ε2δ2t + fB(|u(xj , tn)|2))u(xj , tn) +
1

2
(δ2xu(xj , tn+1) + δ2xu(xj , tn−1)).

Similar to Lemma 3.2, we can prove that under the assumptions in Theorem 2.2,

(3.34) ‖η̃ε,n‖2 + ‖δ+x η̃ε,n‖2 � h2 + τ2 + ε2, 1 ≤ n ≤ T

τ
− 1.
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Subtracting (3.9) from (3.33), we obtain the error equation for ẽε,n ∈ XM as

(3.35)
(
iδt − ε2δ2t

)
ẽε,nj +

1

2
(δ2xẽ

ε,n+1
j + δ2xẽ

ε,n−1
j )− η̃ε,nj + ξ̃ε,nj = 0,

where ξ̃ε,n ∈ XM (n ≥ 1) is defined for j ∈ TM as

(3.36) ξ̃ε,nj = fB(|vε,nj |2)ẽε,nj + u(xj , tn)
(
fB(|u(xj , tn)|2)− fB(|vε,nj |2)

)
.

Then we have the following properties on ξ̃ε,n, similar to Lemma 3.4:

(3.37) |ξ̃ε,nj | � |ẽε,nj |, |δ+x ξ̃
ε,n
j | � |ẽε,nj |+|ẽε,nj+1|+|δ+x ẽ

ε,n
j |, 0 ≤ j ≤ M−1, n ≥ 1.

As shown in Lemma 3.3, we have ẽε,0 = 0 and

(3.38) ‖ẽε,1‖2+‖δ+x ẽε,1‖2+‖δ2xẽε,1‖2 � h2+ τ2+ε2, ‖δ+t ẽε,0‖2+‖δ+t δ+x ẽε,0‖2 � 1.

From error equation (3.35), multiplying both sides of (3.35) by ẽε,n+1
j + ẽε,n−1

j

and summing for j ∈ TM , using summation by parts formula, and taking imaginary
parts, we have

‖ẽε,n+1‖22 + 4ε2 Im
(
ẽε,n, δ+t ẽ

ε,n
)
−
{
‖ẽε,n−1‖22 + 4ε2 Im

(
ẽε,n−1, δ+t ẽ

ε,n−1
)}

= −2τ Im
(
ξ̃ε,n − η̃ε,n, ẽε,n+1 + ẽε,n−1

)
, n ≥ 1.(3.39)

Adding (3.39) for 1, 2, . . . , n (n ≤ T
τ − 1), similar to the proof of (3.19) for êε,n, we

have

(3.40) ‖ẽε,n+1‖22+‖ẽε,n‖22+4ε2Im
(
ẽn, δ+t ẽ

ε,n
)
� nτ

(
h2 + τ2 + ε2

)2
+τ

n+1∑
m=1

‖ẽε,m‖22.

Multiplying both sides of (3.35) by ẽε,n+1
j − ẽε,n−1

j and summing for j ∈ TM ,
using the summation by parts formula, and taking real parts, we have

−
(
ε2‖δ+t ẽε,n‖22 +

1

2
‖δ+x ẽε,n+1‖22

)
+

(
ε2‖δ+t ẽε,n−1‖22 +

1

2
‖δ+x ẽε,n−1‖22

)
= −Re

(
ξ̃ε,n − η̃ε,n, ẽε,n+1 − ẽε,n−1

)
, n ≥ 1.(3.41)

Noticing that∣∣∣∣Re(ξ̃ε,n − η̃ε,n, ẽε,n+1 − ẽε,n−1
) ∣∣∣∣ = τ

∣∣∣∣Re(ξ̃ε,n − η̃ε,n, δ+t ẽ
ε,n + δ+t ẽ

ε,n−1
) ∣∣∣∣

≤ Cτ

ε2
(
(h2 + τ2 + ε2)2 + ‖ẽε,n‖22

)
+

1

2
τε2

(
‖δ+t ẽε,n−1‖22 + ‖δ+t ẽε,n‖22

)
,

summing (3.41) for 1, 2, . . . , n and making use of (3.38), we have

ε2‖δ+t ẽε,n‖22 +
1

2
‖δ+x ẽε,n+1‖22 +

1

2
‖δ+x ẽε,n‖22 ≤ τ

n∑
m=1

ε2‖δ+t ẽε,m‖22 + τ

n+1∑
m=1

1

ε2
‖ẽε,m‖22

+ nτ
C

ε2
(h2 + τ2 + ε2)2 + Cε2 + C(h2 + τ2 + ε2)2, 1 ≤ n ≤ T

τ
− 1.(3.42)
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Let

En = 8

(
ε2‖δ+t ẽε,n‖22 +

1

2
‖δ+x ẽε,n+1‖22 +

1

2
‖δ+x ẽε,n‖22

)
(3.43)

+
1

2ε2
(
‖ẽε,n+1‖22 + ‖ẽε,n‖22

)
, n ≥ 1;

then similar to the case of êε,n, using the Cauchy inequality together with (3.42) and
(3.40), we have

(3.44) En � 1

ε2
(h2 + τ2 + ε2)2 + τ

n∑
m=1

Em,

and the discrete Gronwall inequality [9, 13] will imply for small τ

(3.45) En � 1

ε2
(h2 + τ2 + ε2)2, 1 ≤ n ≤ T

τ
− 1.

Hence the l2 estimate holds

(3.46) ‖ẽε,n‖2 � h2 + τ2 + ε2, n ≤ T

τ
.

To prove the corresponding discrete semi-H1 error estimates, multiplying both sides

of (3.35) by δ2x(ẽ
ε,n+1
j + ẽε,n−1

j ), summing together for j = 1, 2, . . . ,M −1, summation

by parts, taking imaginary parts of both sides, and making use of the l2 estimates
and (3.34), we then have for 1 ≤ n ≤ T

τ − 1

‖δ+x ẽε,n+1‖22 + 4ε2Im
(
δ+x ẽ

ε,n, δ+t δ
+
x ẽ

ε,n
)
− ‖δ+x ẽε,n−1‖22

− 4ε2Im
(
δ+x ẽ

ε,n−1, δ+t δ
+
x ẽ

ε,n−1
)

= −2τ Im
〈
ξ̃ε,n − η̃ε,n, δ2x(ẽ

ε,n+1 + ẽε,n−1)
〉

= 2τ Im
(
δ+x ξ̃

ε,n − δ+x η̃
ε,n, δ+x (ẽ

ε,n+1 + ẽε,n−1)
)

≤ Cτ(‖δ+x ẽε,n+1‖22 + ‖δ+x ẽε,n‖22 + ‖δ+x ẽε,n−1‖22 + ‖ẽε,n‖22) + Cτ(h2 + τ2 + ε2)2

≤ Cτ
(
‖δ+x ẽε,n+1‖22 + ‖δ+x ẽε,n‖22 + ‖δ+x ẽε,n−1‖22

)
+ Cτ(h2 + τ2 + ε2)2.

Adding the above inequalities together for time steps 1, 2, . . . , n, using Lemma 3.3,
we have

(3.47)

‖δ+x ẽε,n+1‖22+‖δ+x ẽε,n‖22+4ε2 Im
(
δ+x ẽ

ε,n, δ+t δ
+
x ẽ

ε,n
)
� (h2+τ2+ε2)2+τ

n+1∑
m=1

‖δ+x ẽε,m‖22.

Multiplying both sides of (3.35) by δ2x(ẽ
ε,n+1
j − ẽε,n−1

j ), summing together for j =
1, 2, . . . ,M − 1, summation by parts, taking real parts of both sides, and making use
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of the l2 estimates and (3.34), we get for 1 ≤ n ≤ T
τ − 1

ε2‖δ+t δ+x ẽε,n‖22 +
1

2
‖δ2xẽε,n+1‖22 − ε2‖δ+t δ+x ẽε,n−1‖22 −

1

2
‖δ2xẽε,n−1‖22

= Re
〈
ξ̃ε,n − η̃ε,n, δ2x(ẽ

ε,n+1 − ẽε,n−1)
〉

= −Re
(
δ+x ξ̃

ε,n − δ+x η̃
ε,n, δ+x (ẽ

ε,n+1 − ẽε,n−1)
)

= −τRe
(
δ+x ξ̃

ε,n − δ+x η̃
ε,n, δ+t δ

+
x ẽ

ε,n + δ+t δ
+
x ẽ

ε,n−1
)

≤ Cτ
(
ε2‖δ+t δ+x ẽε,n‖22 + ε2‖δ+t δ+x ẽε,n−1‖22

)
+

Cτ

ε2
[
‖δ+x ẽε,n‖22 + (h2 + τ2 + ε2)2

]
.

Summing the above inequalities for time steps 1, 2, . . . , n and using Lemma 3.3 on the
errors of ‖δ2xẽε,1‖2 and ‖δ+t δ+x ẽε,0‖2, we have for 1 ≤ n ≤ T

τ − 1

ε2‖δ+t δ+x ẽε,n‖22 +
1

2
‖δ2xẽε,n+1‖22 +

1

2
‖δ2xẽε,n‖22 ≤ ε2‖δ+t δ+x ẽε,0‖22 +

1

2
‖δ2xẽε,1‖22

+ Cε2τ

n∑
m=1

‖δ+t δ+x ẽε,m‖22 +
τ

ε2

n+1∑
m=1

‖δ+x ẽε,m‖22 +
nτ

ε2
C(h2 + τ2 + ε2)2

� ε2τ

n∑
m=1

‖δ+t δ+x ẽε,m‖22 +
τ

ε2

n+1∑
m=1

‖δ+x ẽε,m‖22 +
1

ε2
(h2 + τ2 + ε2)2.(3.48)

As before, define Ẽn for n ≥ 1 as

Ẽn = 8

(
ε2‖δ+t δ+x ẽε,n‖22 +

1

2
‖δ2xẽε,n+1‖22 +

1

2
‖δ2xẽε,n‖22

)
(3.49)

+
1

2ε2
(
‖δ+x ẽε,n+1‖22 + ‖δ+x ẽε,n‖22

)
;

combining 1
ε2 × (3.47) + 16× (3.48) and applying the Cauchy inequality, we get

(3.50) Ẽn � 1

ε2
(h2 + τ2 + ε2)2 + τ

n∑
m=1

Ẽm, 1 ≤ n ≤ T

τ
− 1.

The discrete Gronwall inequality [9, 13] implies that for small enough τ

(3.51) Ẽn � 1

ε2
(h2 + τ2 + ε2)2, 1 ≤ n ≤ T

τ
− 1.

Hence

(3.52) ‖δ+x ẽε,n‖2 � h2 + τ2 + ε2, 1 ≤ n ≤ T

τ
.
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Noticing

(3.53) êε,nj = ẽε,nj + (uε(xj , tn)− u(xj , tn)), j ∈ TM , n ≥ 0,

and assumption (B) which implies

‖uε(xj , tn)− u(xj , tn)‖2 + ‖δ+x uε(xj , tn)− δ+x u(xj , tn)‖2(3.54)

� h2 + τ2 + ε2, n ≥ 0,

and combining (3.46) and (3.52), we then conclude that

(3.55) ‖êε,n‖2 + ‖δ+x êε,n‖2 � h2 + τ2 + ε2, 0 ≤ n ≤ T

τ
.

Step 3: Obtain ε-uniform estimate (2.24). From (3.25), (3.31), and (3.55), taking

the minimum of ε2 and ε2

ε4−α∗ [12, 16], we get

(3.56) ‖êε,n‖2 + ‖δ+x êε,n‖2 � h2 + τ
4

6−α∗ , 0 ≤ n ≤ T

τ
.

Noticing that 4/(6− α∗) ≥ 2
3 , using the discrete Sobolev inequality [24]

(3.57) ‖êε,n‖∞ ≤ C‖δ+x êε,n‖2 � h2 + τ
4

6−α∗ .

When τ and h become sufficiently small, we have ‖êε,n‖∞ ≤ 1, and

(3.58) ‖vε,n‖∞ ≤ ‖uε‖L∞(ΩT ) + ‖êε,n‖∞ ≤ ‖uε‖L∞(ΩT ) + 1 ≤
√
B, n ≤ T

τ
.

Thus, using the properties of fB(s), scheme (3.9) collapses to SIFD (2.6), and vε,n is
the solution of SIFD (2.6). In other words, we have proved the results in Theorem 2.2
for SIFD (2.6).

Remark 3.1. Here we emphasis that our approach can be extended to the higher
dimensions, e.g., 2D and 3D directly. The key point is the discrete Sobolev inequality
in 2D and 3D as

(3.59) ‖uh‖∞ ≤ C| lnh| ‖uh‖H1
s
, ‖vh‖∞ ≤ Ch−1/2‖vh‖H1

s
,

where uh and vh are 2D and 3D mesh functions with zero at the boundary, respectively,
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and the discrete semi-H1 norm ‖ · ‖H1
s
and l∞ norm ‖ · ‖∞ can be defined similarly as

the discrete semi-H1 norm and the l∞ norm in (2.15). The same proof in 2D and 3D
will lead to (3.56), and the above Sobolev inequalities will imply (3.58) by noticing
that 4/(6 − α∗) ≥ 2

3 > 1
2 and with the additional technical assumption τ � h in 2D

and 3D.

4. Convergence of the CNFD scheme. In order to prove Theorem 2.1 for
CNFD, again we first establish the following lemmas.

Lemma 4.1 (conservation properties of CNFD). For the CNFD scheme (2.4) with
(2.7) and (2.13), for any mesh size h > 0, time step τ > 0, and initial data (u0, u

ε
1), it

satisfies the mass and energy conservation laws in the discretized level, i.e., for n ≥ 0,

Nε
h(u

ε,n) :=
1

2

(
‖uε,n‖22 + ‖uε,n+1‖22

)
− 2ε2 Im(δ+t u

ε,n, uε,n) ≡ Nε
h(u

ε,0),(4.1)

Eε
h(u

ε,n) := ε2‖δ+t uε,n‖22 +
1

2

(
‖δ+x uε,n‖22 + ‖δ+x uε,n+1‖22

)
− h

2

M−1∑
j=0

(
F (|uε,n

j |2) + F (|uε,n+1
j |2)

)
≡ Eε

h(u
ε,0).(4.2)

Proof. Follow the analogous arguments of the CNFD method for NLS [9, 13] and
NLSW [14, 26]. We omit the details here for brevity.

Lemma 4.2 (solvability of the difference equations). For any given uε,n−1 and
uε,n, there exists a solution uε,n+1 of the CNFD discretization (2.4) with (2.7). In
addition, if the nonlinear term f(|z|2)z (z ∈ C) is global Lipschitz, i.e., there exists a
constant C > 0 such that

(4.3)
∣∣f(|z1|2)z1 − f(|z2|2)z2

∣∣ ≤ C|z1 − z2|, ∀z1, z2 ∈ C,

then there exists τ0 > 0 such that the solution is unique when τ < τ0.
Proof. The proof is quite standard for NLSW [14, 26] and we omit it here for

brevity.
Denote the local truncation error ζε,n ∈ XM for CNFD (2.4) with (2.7) and (2.13)

for n ≥ 1 and j ∈ TM as

ζε,nj := (iδt − ε2δ2t )u
ε(xj , tn) +

1

2

(
δ2xu

ε(xj , tn+1) + δ2xu
ε(xj , tn−1)

)
+ G(uε(xj , tn+1), u

ε(xj , tn−1)).

Similar to Lemma 3.2, we have the following results.
Lemma 4.3 (local truncation error for CNFD). Under assumption (B), assume

f ∈ C3([0,∞)), and we have

(4.4) ‖ζε,n‖2 + ‖δ+x ζε,n‖2 � h2 +
τ2

ε4−α∗ , 1 ≤ n ≤ T

τ
− 1.
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Proof. For n ≥ 1 and j ∈ TM , expanding Taylor series for nonlinear part G at
|uε(xj , tn)|2 and noticing (2.5) and

Γn
j :=

1

τ

(
|uε(xj , tn+1)|2 − |uε(xj , tn)|2

)
=

∫ 1

0

∂t(|uε|2)(xj , tn + sτ) ds,

Γ̃n
j :=

2

τ2

(
1

2

(
|uε(xj , tn+1)|2 + |uε(xj , tn−1)|2

)
− |uε(xj , tn)|2

)
=

∫ 1

0

∫ θ

−θ

∂tt(|uε|2)(xj , tn + sτ) dsdθ,

then applying the Taylor expansion and NLSW (2.1), we obtain

ζε,nj =
iτ2

2

∫ 1

0

∫ θ

0

∫ s

−s

uε
ttt(xj , στ + tn) dσdsdθ

− ε2τ2
∫ 1

0

∫ θ

0

∫ s

0

∫ σ

−σ

uε
tttt(xj , s1τ + tn) ds1dσdsdθ

+
h2

2

∫ 1

0

∫ θ

0

∫ s

0

∫ σ

−σ

∑
k=±1

uε
xxxx(xj + s1h, tn + kτ)ds1dσdsdθ

+
τ2

2

∫ 1

0

∫ θ

−θ

uε
xxtt(xj , sτ + tn)dsdθ

+

(
τ2
∫ 1

0

∫ 1

0

(1− σ)(θΓn
j − (1− θ)Γn−1

j )2f ′′(ξj(θ, σ)) dσdθ

+
τ2

2
f ′(|uε(xj , tn)|2)Γ̃n

j

)
· 1
2
(uε(xj , tn+1) + uε(xj , tn−1))

+
τ2

2
f(|uε(xj , tn)|2)

∫ 1

0

∫ θ

−θ

uε
tt(xj , tn + sτ) dsdθ,

where ξj(θ, σ) = σ(θ|uε(xj , tn+1)|2 + (1 − θ)|uε(xj , tn−1)|2) + (1 − σ)|uε(xj , tn)|2.
Under assumption (B), using the triangle inequality, noticing that f ∈ C2([0,∞)), for
j ∈ TM and n ≥ 1, we get

|ζε,nj | � h2‖∂xxxxuε‖L∞

+ τ2
(
‖∂tttuε‖L∞ + ε2‖∂ttttuε‖L∞ + ‖∂ttuε‖L∞‖f(|uε|2)‖L∞ + ‖∂xxttuε‖L∞

+
(
‖∂t|uε|2‖2L∞‖f ′′(|uε|2)‖L∞ + ‖f ′(|uε|2)‖L∞‖∂tt|uε|2‖L∞

)
‖uε‖L∞

)
� h2 +

τ2

ε4−α∗ .

The first part of the lemma is proved. For 1 ≤ j ≤ M − 1, in view of the above
representation of ζε,nj and a similar calculation as above, noticing f ∈ C3([0,∞))
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when dealing with the nonlinear term G, for 1 ≤ j ≤ M − 1, it is easy to check that

|δ+x ζ
ε,n
j | � h2‖∂xxxxxuε‖L∞

+ τ2
(
‖∂tttxuε‖L∞ + ε2‖∂ttttxuε‖L∞ +

[
‖∂ttuε‖L∞‖f ′(|uε|2)‖L∞

+ (‖∂t|uε|2‖2L∞‖f ′′′(|uε|2)‖L∞ +‖f ′′(|uε|2)‖L∞‖∂tt|uε|2‖L∞) · ‖uε‖L∞

]
· ‖∂x|uε|2‖L∞ + (‖∂x(∂t|uε|2)2‖L∞‖f ′′(|uε|2)‖L∞

+ ‖f ′(|uε|2)‖L∞‖∂ttx|uε|2‖L∞) · ‖uε‖L∞

+
(
‖∂t|uε|2‖2L∞‖f ′′(|uε|2)‖L∞ + ‖f ′(|uε|2)‖L∞‖∂tt|uε|2‖L∞

)
‖∂xuε‖L∞ + ‖∂ttxuε‖L∞‖f(|uε|2)‖L∞ + ‖∂xxxttuε‖L∞

)
� h2 +

τ2

ε4−α∗ .

For j=0 andM−1, we apply the boundary condition to deduce that ∂k

∂tk
uε(x, t)|x∈∂Ω =

0 for k ≥ 0, and (2.1) shows that uxx(x, t)|x∈∂Ω = 0 and uxxxx(x, t)|x∈∂Ω = 0. As
before, we can get the above estimates for j = 0,M − 1. Thus, we complete the
proof.

The error bounds for eε,n at n = 0, 1 are the same as Lemma 3.3 since the
boundary and initial conditions for CNFD (2.4) and SIFD (2.6) are the same.

The proof for the CNFD scheme (2.4) is quite similar to that of the SIFD scheme,
and we outline the schedule below, i.e., we prove the key lemmas.

Let ûε,0 = uε,0, ûε,1 = uε,1, and ûε,n+1 ∈ XM (n ≥ 1) be given by

(4.5) (iδt − ε2δ2t )û
ε,n
j +

1

2
δ2x(û

ε,n+1
j + ûε,n−1

j ) +GB(û
ε,n+1
j , ûε,n−1

j ) = 0, j ∈ TM ,

where GB(z1, z2) for z1, z2 ∈ C is given by

GB(z1, z2) =

∫ 1

0

fB(θ|z1|2 + (1 − θ)|z2|2) dθ · gB

(
z1 + z2

2

)
=

FB(|z1|2)− FB(|z2|2)
|z1|2 − |z2|2

· g
B

(
z1 + z2

2

)
with g

B
(z), fB(·) and FB(·) being defined in (3.7). Actually ûε,n

j can be viewed as
another approximation of uε(xj , tn). From Lemma 4.2, (4.5) is uniquely solvable for
small τ . Define the error χε,n ∈ XM for n ≥ 1 as

(4.6) χε,n
j = uε(xj , tn)− ûε,n

j , j ∈ TM ,

and the local truncation error ζ̂ε,n ∈ XM for j ∈ TM and n ≥ 1 as

ζ̂ε,nj := (iδt − ε2δ2t )u
ε(xj , tn) +

1

2
δ2x (u

ε(xj , tn+1) + uε(xj , tn−1))(4.7)

+ GB (uε(xj , tn+1), u
ε(xj , tn−1)) .

Similar to Lemma 3.2, we can prove that under the assumptions in Theorem 2.1,

(4.8) ‖ζ̂ε,n‖2 + ‖δ+x ζ̂ε,n‖2 � h2 +
τ2

ε4−α∗ , 1 ≤ n ≤ T

τ
− 1,

and the estimate for ‖êε,1‖2 + ‖δ+x êε,1‖2 is proved in Lemma 3.3.
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Subtracting (4.5) from (4.7), we obtain

(4.9) iδtχ
ε,n
j − ε2δ2tχ

ε,n
j +

1

2
δ2x

(
χε,n+1
j + χε,n−1

j

)
+ ϑε,n

j − ζ̂ε,nj = 0, j ∈ TM ,

where ϑε,n ∈ XM is defined for j ∈ TM and n ≥ 1 as

ϑε,n
j = GB (uε(xj , tn+1), u

ε(xj , tn−1))−GB(û
ε,n+1
j , ûε,n−1

j ).(4.10)

Then we have the following properties on ϑε,n.
Lemma 4.4. Under the assumptions in Theorem 2.1, for ϑε,n ∈ XM (n ≥ 1) in

(4.10), we have

|ϑε,n
j | � |χε,n+1

j |+ |χε,n−1
j |, |δ+x ϑ

ε,n
j |

�
∑

m=n−1,n+1

(
|χε,m

j |+ |δ+x χ
ε,m
j |+ |χε,m

j+1|
)
, 0 ≤ j ≤ M − 1, n ≥ 1.

Proof. For j ∈ T 0
M , n ≥ 1 and θ ∈ [0, 1], denote

ρε,nj (θ) = θ|uε(xj , tn+1)|2 + (1− θ)|uε(xj , tn−1)|2,
ρ̂ε,nj (θ) = θ|ûε,n+1

j |2 + (1− θ)|ûε,n−1
j |2,

με,n
j =

1

2
[uε(xj , tn+1) + uε(xj , tn−1)] , μ̂ε,n

j =
1

2

[
ûε,n+1
j + ûε,n−1

j

]
,

πε,n
j = |uε(xj , tn)|+ |ûε,n

j |,

using the definition of GB, FB, and g
B
, it is easy to get

ϑε,n
j = με,n

j

∫ 1

0

[
fB(ρ

ε,n
j (θ)) − fB(ρ̂

ε,n
j (θ))

]
dθ

+
[
gB

(
με,n
j

)
− gB

(
μ̂ε,n
j

)] ∫ 1

0

fB(ρ̂
ε,n
j (θ)) dθ.

Noticing the Lipschitz property of fB(s
2) and∣∣∣∣√ρε,nj (θ)−

√
ρ̂ε,nj (θ)

∣∣∣∣ ≤ θπε,n+1
j

∣∣∣χε,n+1
j

∣∣∣+ (1 − θ)πε,n−1
j

∣∣∣χε,n−1
j

∣∣∣√
ρε,nj (θ) +

√
ρ̂ε,nj (θ)

≤
√
θ|χε,n+1

j |+
√
1− θ|χε,n−1

j |,

combined with the Lipschitz property of g
B
(z), we can obtain

(4.11) |ϑε,n
j | � |χε,n+1

j |+ |χε,n−1
j |, j ∈ T 0

M .

Applying δ+x to ϑε,n
j , we can obtain

δ+x ϑ
ε,n
j = g

B
(μ̂ε,n

j )

∫ 1

0

δ+x
[
fB(ρ

ε,n
j (θ)) − fB(ρ̂

ε,n
j (θ))

]
dθ

+
[
g
B
(με,n

j )− g
B
(μ̂ε,n

j )
] ∫ 1

0

δ+x fB(ρ
ε,n
j (θ)) dθ

+ δ+x gB (μ̂
ε,n
j )

∫ 1

0

[
fB(ρ

ε,n
j+1(θ)) − fB(ρ̂

ε,n
j+1(θ))

]
dθ

+ δ+x
[
g
B
(με,n

j )− g
B
(μ̂ε,n

j )
] ∫ 1

0

fB(ρ
ε,n
j+1(θ)) dθ.
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First, for θ, s ∈ [0, 1], and n ≥ 1, we denote κε,n
j (θ, s), κ̂ε,n

j (θ, s) for 0 ≤ j ≤ M − 1 as

(4.12) κε,n
j (θ, s) = sρε,nj+1(θ) + (1− s)ρε,nj (θ), κ̂ε,n

j (θ, s) = sρ̂ε,nj+1(θ) + (1− s)ρ̂ε,nj (θ).

Noticing that for 1 ≤ j ≤ M − 1

δ+x
[
fB

(
ρε,nj (θ)

)
− fB

(
ρ̂ε,nj (θ)

)]
=

[
δ+x ρ

ε,n
j (θ)

∫ 1

0

f ′
B

(
κε,n
j (θ, s)

)
ds− δ+x ρ̂

ε,n
j (θ)

∫ 1

0

f ′
B(κ̂

ε,n
j (θ, s)) ds

]
=

∫ 1

0

[
f ′
B

(
κε,n
j (θ, s)

)
− f ′

B

(
κ̂ε,n
j (θ, s)

)]
δxρ

ε,n
j (θ) ds

+

∫ 1

0

f ′
B

(
κ̂ε,n
j (θ, s)

) [
δ+x ρ

ε,n
j (θ)− δ+x ρ̂

ε,n
j (θ)

]
ds,

a careful calculation shows that

δ+x
[
ρε,nj (θ)− ρ̂ε,nj (θ)

]
= θ

[
2Re

(
uε(xj , tn+1)δ

+
x χ

ε,n+1
j + χε,n+1

j+1 δ+x u
ε(xj , tn+1)

)
− χε,n+1

j δ+x χ
ε,n+1
j − χε,n+1

j+1 δ+x χ
ε,n+1
j

]
+ (1− θ)

[
2Re

(
uε(xj , tn−1)δ

+
x χ

ε,n−1
j + χε,n−1

j+1 δ+x u
ε(xj , tn−1)

)
− χε,n−1

j δ+x χ
ε,n−1
j − χε,n−1

j+1 δ+x χ
ε,n−1
j

]
,

and
√
1− θ|χε,n−1

j+1 | ≤
√
ρ̂ε,nj+1(θ) + |uε(xj+1, tn−1)|,

√
1− θ|χε,n−1

j | ≤
√
ρ̂ε,nj (θ) +

|uε(xj , tn−1)|, as well as
√
θ|χε,n+1

j+1 | ≤
√
ρ̂ε,nj+1(θ) + |uε(xj+1, tn+1)|,

√
θ|χε,n+1

j | ≤√
ρ̂ε,nj (θ) + |uε(xj , tn+1)|. Moreover, from the Lipschitz property of fB (3.8), we have

(4.13)∣∣∣∣∫ 1

0

f ′
B(κ̂

ε,n
j (θ, s)) ds

∣∣∣∣ =
∣∣∣∣∣fB

(
ρ̂ε,nj+1(θ)

)
− fB

(
ρ̂ε,nj (θ)

)
ρ̂ε,nj+1(θ) − ρ̂ε,nj (θ)

∣∣∣∣∣ ≤ C√
ρ̂ε,nj+1(θ) +

√
ρ̂ε,nj (θ)

.

Recalling the boundedness of δ+x ρ
ε,n
j (θ), g

B
(·) and f ′

B(·) as well as the Lipschitz prop-
erty of f ′

B(s
2), i.e., |f ′

B(s1) − f ′
B(s2)| ≤ C|√s1 −

√
s2|, and combining the proof for

(4.11), we arrive at∣∣∣∣∫ 1

0

δ+x
[
fB

(
ρε,nj (θ)

)
− fB

(
ρ̂ε,nj (θ)

)]
dθ · g

B
(μ̂ε,n

j )

∣∣∣∣(4.14)

�
∑

m=n+1,n−1

(
|χε,m

j |+ |χε,m
j+1|+ |δ+x χ

ε,m
j |

)
.

Second, from the property g
B
(·) ∈ C∞

0 , we know

|δ+x gB
(μ̂ε,n

j )| ≤ C
∣∣δ+x μ̂ε,n

j

∣∣
≤ C

∣∣∣δ+x χε,n+1
j + δ+x χ

ε,n−1
j − δ+x u

ε(xj , tn+1)− δ+x u
ε(xj , tn−1)

∣∣∣ .
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In view of the boundedness of fB(s) as well as the proof for (4.11), we get∣∣∣∣∫ 1

0

[
fB

(
ρε,nj+1(θ)

)
− fB

(
ρ̂ε,nj+1(θ)

)]
dθ · δ+x gB

(μ̂ε,n
j )

∣∣∣∣(4.15)

�
∑

m=n−1,n+1

(
|χε,m

j+1|+ |χε,m
j |+ |δ+x χ

ε,m
j |

)
.

Third, noticing δ+x fB
(
ρε,nj (θ)

)
is bounded and g

B
(z) is Lipschitz, we have

(4.16)

∣∣∣∣ ∫ 1

0

δ+x fB
(
ρε,nj (θ)

)
dθ ·

[
g
B
(με,n

j )− g
B
(μ̂ε,n

j )
] ∣∣∣∣ � |χε,n+1

j |+ |χε,n−1
j |.

Finally, denoting σn
j (θ), σ̂

n
j (θ) for θ ∈ [0, 1] and 0 ≤ j ≤ M − 1 as

σn
j (θ) = θμε,n

j+1 + (1− θ)με,n
j , σ̂n

j (θ) = θμ̂ε,n
j+1 + (1− θ)μ̂ε,n

j ,

and recalling the definition of ρ
B
(s) and g

B
(z), we find that

δ+x
(
g
B
(με,n

j )− g
B
(μ̂ε,n

j )
)
= δ+x

[
ρ

B
(|με,n

j |2)με,n
j − ρ

B
(|μ̂ε,n

j |2)μ̂ε,n
j

]
= I1 + I2

with I1 =

∫ 1

0

[
δ+x μ

ε,n
j ∂zgB

(σn
j (θ)) − δ+x μ̂

ε,n
j ∂zgB

(
σ̂n
j (θ)

)]
dθ,

∂zgB
(z) = ρ

B
(|z|2) + |z|2ρ′

B
(|z|2),

I2 =

∫ 1

0

[
δ+x μ

ε,n
j ∂z̄gB

(σn
j (θ))− δ+x μ̂

ε,n
j ∂z̄gB

(
σ̂n
j (θ)

)]
dθ,

∂z̄gB
(z) = z2ρ′

B
(|z|2).

Noticing δ+x μ
ε,n
j is bounded and the C∞

0 property of ρ
B
(s), we know ∂zgB

(z) is
Lipschitz and

|I1| ≤
∣∣∣∣∫ 1

0

(
∂zgB

(σn
j (θ))− ∂zgB

(σ̂n
j (θ))

)
δ+x μ

ε,n
j dθ

∣∣∣∣
+

∣∣∣∣∫ 1

0

(δ+x μ
ε,n
j − δ+x μ̂

ε,n
j ) ∂zgB

(σ̂n
j (θ)) dθ

∣∣∣∣
� max

θ∈[0,1]

{∣∣ |σn
j (θ)| − |σ̂n

j (θ)|
∣∣}+

∣∣∣δ+x (χε,n+1
j + χε,n−1

j )
∣∣∣

�
∑

m=n+1,n−1

(
|χε,m

j |+ |χε,m
j+1|+ |δ+x χ

ε,m
j |

)
.

In the same spirit, we can get the same estimates for |I2| and obtain∣∣∣∣∫ 1

0

fB
(
ρε,nj+1(θ)

)
dθ · δ+x

[
g
B
(με,n

j )− g
B
(μ̂ε,n

j )
]∣∣∣∣(4.17)

�
∑

m=n−1,n+1

(
|χε,m

j |+ |δ+x χ
ε,m
j |+ |χε,m

j+1|
)
.

Combining (4.14), (4.15), (4.16), and (4.17), we finally prove the lemma.
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Having Lemma 4.4, the local truncation error (4.8), and the initial error Lemma
3.3, following the analogous proof for SIFD, we could obtain

(4.18) ‖χε,n‖2 + ‖δ+x χε,n‖2 � h2 +
τ2

ε4−α∗ , n ≤ T

τ
.

To complete the proof, we have to prove the (2.20) type estimate for χε,n. It is a
straightforward extension of the proof for SIFD and the proof for Lemma 4.4. More
precisely, define

(4.19) χ̃ε,n
j = u(xj , tn)− ûε,n

j = χε,n
j + u(xj , tn)− uε(xj , tn), j ∈ T 0

M , n ≥ 0,

and the local truncation error ζ̃ε,n ∈ XM for n ≥ 1 and j ∈ TM as

ζ̃ε,nj := (iδt − ε2δ2t )u(xj , tn) +
1

2
δ2x (u(xj , tn+1) + u(xj , tn−1))(4.20)

+ GB(u(xj , tn+1), u(xj , tn−1)).

Then we have

(4.21) ‖ζ̃ε,n‖2 + ‖δ+x ζ̃ε,n‖2 � h2 + τ2 + ε2, n ≥ 1.

Subtracting (4.5) from (4.20), we obtain for n ≥ 1

(4.22) iδtχ̃
ε,n
j − ε2δ2t χ̃

ε,n
j +

1

2
δ2x

(
χ̃ε,n+1
j + χ̃ε,n−1

j

)
+ ϑ̃ε,n

j − ζ̃ε,nj = 0, j ∈ TM ,

where ϑ̃ε,n ∈ XM is given for j ∈ TM and n ≥ 1 as

(4.23) ϑ̃ε,n
j = GB (u(xj , tn+1), u(xj , tn−1))−GB

(
ûε,n+1
j , ûε,n−1

j

)
.

Then the following lemma holds and we omit the proof here.
Lemma 4.5. Under the assumptions in Theorem 2.1, for ϑ̃ε,n ∈ XM (n ≥ 1) in

(4.23), we have

|ϑ̃ε,n
j | � |χ̃ε,n+1

j |+ |χ̃ε,n−1
j |, |δ+x ϑ̃

ε,n
j |

�
∑

m=n−1,n+1

(
|χ̃ε,m

j |+ |δ+x χ̃
ε,m
j |+ |χ̃ε,m

j+1|
)
, 0 ≤ j ≤ M − 1, n ≥ 1.

Following the analogous proof for the SIFD, in view of Lemma 4.5, local error
(4.21), and initial error Lemma 3.3, and recalling assumption (B), we can derive that

(4.24) ‖χε,n‖2 + ‖δ+x χε,n‖2 � h2 + τ2 + ε2, n ≤ T

τ
.

Proof of Theorem 2.1. Combining (4.18) and (4.24), analogous proof for SIFD
applies and the conclusion follows.

5. Numerical results. In this section, we report numerical results for both
SIFD (2.6) and CNFD (2.4) schemes applied to NLSW (2.1) with f(|uε|2) = −|uε|2.
The corresponding limiting NLS is the defocusing cubic NLS.
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Table 5.1

Spatial error analysis for SIFD scheme (2.6) with different ε and h with norm ‖e‖H1 = ‖e‖2 +
‖δ+x e‖2. The convergence rate is calculated as log2(‖e(2h)‖H1/‖e(h)‖H1 ).

Case I, α = 2

α = 2 h = 1/2 h = 1/22 h = 1/23 h = 1/24 h = 1/25 h = 1/26 h = 1/27

ε = 1/22 1.51E-1 4.05E-2 1.03E-2 2.57E-3 6.45E-4 1.60E-4 3.90E-5
1.90 1.98 2.00 1.99 2.01 2.04

ε = 1/23 1.94E-1 5.35E-2 1.36E-2 3.41E-3 8.51E-4 2.10E-4 4.92E-5
1.89 1.98 2.00 2.00 2.02 2.09

ε = 1/24 2.15E-1 6.05E-2 1.55E-2 3.88E-3 9.67E-4 2.39E-4 5.68E-5
1.83 1.96 2.00 2.00 2.02 2.07

ε = 1/25 2.22E-1 6.29E-2 1.61E-2 4.04E-3 1.01E-3 2.49E-4 5.93E-5
1.82 1.97 1.99 2.00 2.02 2.07

ε = 1/26 2.23E-1 6.36E-2 1.63E-2 4.08E-3 1.02E-3 2.52E-4 6.00E-5
1.81 1.96 2.00 2.00 2.02 2.07

ε = 1/27 2.24E-1 6.37E-2 1.63E-2 4.10E-3 1.02E-3 2.52E-4 6.01E-5
1.81 1.97 1.99 2.01 2.02 2.07

ε = 1/210 2.24E-1 6.38E-2 1.63E-2 4.10E-3 1.02E-3 2.53E-4 6.02E-5
1.81 1.97 1.99 2.01 2.01 2.07

ε = 1/220 2.24E-1 6.38E-2 1.63E-2 4.10E-3 1.02E-3 2.53E-4 6.02E-5
1.81 1.97 1.99 2.01 2.01 2.07

Case II, α = 0

α = 0 h = 1/2 h = 1/22 h = 1/23 h = 1/24 h = 1/25 h = 1/26 h = 1/27

ε = 1/22 1.52E-1 4.09E-2 1.04E-2 2.60E-3 6.53E-4 1.62E-4 3.94E-5
1.89 1.98 2.00 1.99 2.01 2.04

ε = 1/23 1.95E-1 5.36E-2 1.36E-2 3.41E-3 8.52E-4 2.10E-4 4.93E-5
1.86 1.98 2.00 2.00 2.02 2.09

ε = 1/24 2.15E-1 6.05E-2 1.55E-2 3.88E-3 9.67E-4 2.39E-4 5.68E-5
1.83 1.96 2.00 2.00 2.02 2.07

ε = 1/25 2.22E-1 6.29E-2 1.61E-2 4.04E-3 1.01E-3 2.49E-4 5.93E-5
1.82 1.97 1.99 2.00 2.02 2.07

ε = 1/26 2.23E-1 6.36E-2 1.63E-2 4.08E-3 1.02E-3 2.52E-4 6.00E-5
1.81 1.96 2.00 2.00 2.02 2.07

ε = 1/27 2.24E-1 6.37E-2 1.63E-2 4.10E-3 1.02E-3 2.52E-4 6.01E-5
1.81 1.97 1.99 2.01 2.02 2.07

ε = 1/210 2.24E-1 6.38E-2 1.63E-2 4.10E-3 1.02E-3 2.53E-4 6.02E-5
1.81 1.97 1.99 2.01 2.01 2.07

ε = 1/220 2.24E-1 6.38E-2 1.63E-2 4.10E-3 1.02E-3 2.53E-4 6.02E-5
1.81 1.97 1.99 2.01 2.01 2.07

For the numerical tests, we choose u0(x) = π−1/4e−x2/2 and wε(x) = e−x2/2 in
(2.1)–(2.3). The computational domain is chosen as [a, b] = [−16, 16]. The “exact”
solution is computed with a very fine mesh h = 1/512 and time step τ = 10−6. We
study the following two cases of initial data:

Case I, α = 2, i.e., the well-prepared case,
Case II, α = 0, i.e., the ill-prepared case.
We measure the error eh at time t = 1 with the discrete H1 norm ‖eh‖H1 =

‖eh‖2 + ‖δ+x eh‖2.
Table 5.1 depicts spatial errors of SIFD for Cases I and II, for different h and

ε, with fixed τ = 10−6, where the time step τ is so small that the temporal error
can be neglected. From the table, we can conclude that SIFD is uniformly second
order accurate in h for all ε. Tables 5.2 and 5.3 list temporal errors of SIFD for
Cases I and II, for different ε and τ , with fixed h = 1/512. With this very fine mesh
h = 1/512, the spatial error can be ignored. Table 5.2 shows that when τ is small



UNIFORM ERROR ESTIMATES OF FDMs FOR NLSW 519

Table 5.2

Temporal error analysis for SIFD scheme (2.6) with different ε and τ with norm ‖e‖H1 .

Case I, α = 2

α = 2 τ = 0.1 τ = 0.1
2

τ = 0.1
22

τ = 0.1
23

τ = 0.1
24

τ = 0.1
25

τ = 0.1
26

τ = 0.1
27

τ = 0.1
28

ε = 1
22

1.10E-1 4.75E-2 1.49E-2 3.86E-3 9.70E-4 2.43E-4 6.10E-5 1.56E-5 4.47E-6

1.21 1.67 1.95 1.99 2.00 1.99 1.97 1.80
ε = 1

23
1.60E-1 5.06E-2 1.46E-2 5.45E-3 3.07E-3 8.27E-4 2.08E-4 5.21E-5 1.32E-5

1.66 1.79 1.42 0.83 1.89 1.99 2.00 1.98
ε = 1

24
1.98E-1 6.02E-2 1.85E-2 4.78E-3 1.25E-3 4.14E-4 3.74E-4 1.81E-4 4.70E-5

1.72 1.70 1.95 1.94 1.59 0.15 1.05 1.95
ε = 1

25
1.90E-1 7.30E-2 1.92E-2 5.00E-3 1.39E-3 3.49E-4 8.75E-5 2.74E-5 1.65E-5

1.38 1.93 1.94 1.85 1.99 2.00 1.68 0.73
ε = 1

26
1.89E-1 6.87E-2 2.18E-2 5.28E-3 1.32E-3 3.34E-4 9.09E-5 2.17E-5 5.72E-6

1.46 1.66 2.06 2.00 1.98 1.88 2.07 1.92
ε = 1

27
1.89E-1 6.79E-2 2.06E-2 5.81E-3 1.36E-3 3.38E-4 8.26E-5 2.20E-5 5.54E-6

1.48 1.72 1.83 2.09 2.01 2.03 1.91 1.98
ε = 1

210
1.89E-1 6.76E-2 2.01E-2 5.37E-3 1.37E-3 3.50E-4 9.27E-5 2.14E-5 5.31E-6

1.48 1.75 1.90 1.97 1.97 1.92 2.11 2.01
ε = 1

220
1.89E-1 6.76E-2 2.01E-2 5.37E-3 1.36E-3 3.42E-4 8.56E-5 2.14E-5 5.35E-6

1.48 1.75 1.90 1.98 1.99 2.00 2.00 2.00

Case II, α = 0

α = 0 τ = 0.1 τ = 0.1
2

τ = 0.1
22

τ = 0.1
23

τ = 0.1
24

τ = 0.1
25

τ = 0.1
26

τ = 0.1
27

τ = 0.1
28

ε = 1
22

2.91E-1 1.39E-1 4.05E-2 1.04E-2 2.63E-3 6.59E-4 1.66E-4 4.54E-5 1.11E-5

1.07 1.78 1.96 1.98 2.00 1.99 1.87 2.03
ε = 1

23
1.76E-1 9.04E-2 6.52E-2 7.35E-2 3.30E-2 8.71E-3 2.19E-3 5.50E-4 1.38E-4

0.96 0.47 -0.17 1.16 1.92 1.99 1.99 1.99
ε = 1

24
1.96E-1 6.02E-2 2.10E-2 1.01E-2 1.98E-2 3.81E-3 1.92E-2 8.16E-3 2.11E-3

1.70 1.52 1.06 -0.97 2.38 -2.33 1.23 1.95
ε = 1

25
1.90E-1 7.26E-2 1.94E-2 6.11E-3 3.36E-3 3.61E-3 4.69E-3 1.01E-3 2.05E-3

1.39 1.90 1.67 0.86 -0.10 -0.38 2.22 -1.02
ε = 1

26
1.89E-1 6.87E-2 2.17E-2 5.32E-3 1.55E-3 8.15E-4 7.31E-4 1.39E-3 6.84E-4

1.46 1.66 2.03 1.78 0.93 0.16 -0.93 1.02
ε = 1

27
1.89E-1 6.78E-2 2.05E-2 5.81E-3 1.39E-3 4.37E-4 2.50E-4 2.03E-4 2.07E-4

1.48 1.73 1.82 2.06 1.67 0.81 0.30 -0.03
ε = 1

28
1.89E-1 6.77E-2 2.02E-2 5.48E-3 1.47E-3 3.46E-4 1.08E-4 6.21E-5 4.63E-5

1.48 1.74 1.88 1.90 2.09 1.68 0.80 0.42
ε = 1

29
1.89E-1 6.76E-2 2.02E-2 5.39E-3 1.39E-3 3.70E-4 8.70E-5 2.35E-5 1.60E-5

1.48 1.74 1.91 1.96 1.91 2.09 1.89 0.55
ε = 1

210
1.89E-1 6.76E-2 2.01E-2 5.37E-3 1.37E-3 3.50E-4 9.28E-5 2.22E-5 7.78E-6

1.48 1.75 1.90 1.97 1.97 1.92 2.06 1.51
ε = 1

220
1.89E-1 6.76E-2 2.01E-2 5.37E-3 1.36E-3 3.42E-4 8.56E-5 2.14E-5 5.35E-6

1.48 1.75 1.90 1.98 1.99 2.00 2.00 2.00

(upper triangle part), the temporal error is of second order for each ε; when ε is small
(lower triangle part), the temporal error is also of second order; near the diagonal part
(for α = 2, slightly upper), the degeneracy of the second order accuracy is observed.
This confirms our error estimates (2.22) and (2.23) for SIFD. Table 5.3 presents the
errors of SIFD at the degeneracy regime for α = 2 in the regime τ ∼ ε2, and resp.,
for α = 0 in the regime τ ∼ ε3, predicted by our error estimates. The results clearly
demonstrate that SIFD converges at O(h2+ τ) and O(h2+ τ2/3) for α = 2 and α = 0,
respectively. Similar tests were also carried out for CNFD and we obtain a similar
conclusion; thus they are omitted here for brevity.
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Table 5.3

Degeneracy of convergence rates for SIFD with h = 1/512, Case I and Case II. The
convergence rate is calculated as log2(‖e(22τ, 2ε)‖H1/‖e(τ, ε)‖H1)/2 for α = 2 (Case I) and
log2(‖e(23τ, 2ε)‖H1/‖e(τ, ε)‖H1)/3 for α = 0 (Case II).

α = 2
ε = 1
τ = 0.2

ε = 1/2
τ = 0.2/22

ε = 1/22

τ = 0.2/24
ε = 1/23

τ = 0.2/26
ε = 1/24

τ = 0.2/28

‖e‖H1 1.07E-1 1.77E-2 3.86E-3 8.27E-4 1.81E-4
1.30 1.10 1.11 1.10

α = 0
ε = 1/22

τ = 0.1
ε = 1/23

τ = 0.1/23
ε = 1/24

τ = 0.1/26
ε = 1/25

τ = 0.1/29
ε = 1/26

τ = 0.1/212

‖e‖H1 2.91E-1 7.35E-2 1.92E-2 4.83E-3 1.21E-3
1.99/3 1.94/3 1.99/3 2.00/3

6. Conclusion. We have analyzed the conservative CNFD method and the SIFD
method for discretizing the NLSW with perturbation strength of the wave operator
described by a dimensionless parameter ε (0 < ε ≤ 1) in one, two, and three di-
mensions. The main difficulty in the analysis was that for 0 < ε � 1, the solution
of NLSW oscillated in time with O(ε2) wavelength at amplitude of order O(ε4) and
O(ε2) for well-prepared and ill-prepared initial data, respectively. For both CNFD
and SIFD, we established the uniform convergence rates in ε, at the order O(h2 + τ)
and O(h2 + τ2/3) for well-prepared and ill-prepared initial data, respectively, in l2-
norm and discrete semi-H1 norm with time step τ and mesh size h. Numerical results
confirmed our theoretical analysis.
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