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Abstract. We introduce a new family of symplectic integrators for canonical Hamiltonian
systems. Each method in the family depends on a real parameter α. When α = 0 we obtain the
classical Gauss collocation formula of order 2s, where s denotes the number of the internal stages.
For any given non-null α, the corresponding method remains symplectic and has order 2s−2; hence it
may be interpreted as an O(h2s−2) (symplectic) perturbation of the Gauss method. Under suitable
assumptions, we show that the parameter α may be properly tuned, at each step of the integration
procedure, so as to guarantee energy conservation in the numerical solution, as well as to maintain
the original order 2s as the generating Gauss formula.
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1. Introduction. We consider canonical Hamiltonian systems in the form

(1.1)

{
ẏ = J∇H(y) ≡ f(y),
y(t0) = y0 ∈ R

2m,
J =

(
0 I

−I 0

)
∈ R

2m×2m

(I is the identity matrix of dimension m). Concerning its numerical integration, two
prominent lines of investigation are currently the definition and the study of symplectic
methods and energy-conserving methods, respectively. This reflects the fact that
symplecticity and energy conservation are the most relevant features characterizing a
Hamiltonian system.

From the very beginning of this research activity, high-order symplectic formulae
were already available within the class of Runge–Kutta methods, the Gauss collo-
cation formulae being one noticeable example. One important implication of the
symplecticity of the discrete flow is the conservation of quadratic invariants. This
circumstance makes the symplecticity property of a method particularly appealing
in the numerical simulation of isolated mechanical systems in the form (1.1), since
it provides a precise conservation of the total angular momentum during the time
evolution of the state vector. As a further positive consequence, a symplectic method
also conserves quadratic Hamiltonian functions. (See the monographs [18, 25, 30] for
a detailed analysis of symplectic methods.)

On the other hand, excluding the quadratic case, energy-conserving methods
were initially not known. Among the first attempts to address this issue, we men-
tion projection and symmetric projection techniques, which, coupled with classical
nonconservative schemes, force the numerical solution to lie in a proper manifold rep-
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resenting a first integral of the original system (see [19, section VII.2], [1, 17], and [18,
section V.4.1]).

A completely new approach is represented by discrete gradient methods which are
based upon the definition of a discrete counterpart of the gradient operator so that
energy conservation of the numerical solution is guaranteed at each step and for any
choice of integration stepsize (see [15, 28]).

More recently, the conservation of energy issue has been approached by means of
the definition of the discrete line integral in a series of papers (such as [22, 23]). This
early study has led to the definition of Hamiltonian boundary value methods (HBVMs)
(see, for example, [4, 5, 6, 7, 8]). These methods are able to preserve, in the discrete
solution, Hamiltonian functions of polynomial type. In particular, HBVMs admit
a Runge–Kutta formulation (see, for example, [6]) characterized by a rank-deficient
Butcher matrix, where the rank, say, s, influences the order of the method, while
the dimension, say, r, may be arbitrarily increased to ensure energy conservation of
polynomial Hamiltonians of any high degree (and hence a practical conservation of any
sufficiently differentiable Hamiltonian).1 When r = s the formula becomes a classical
collocation method, while as r → ∞ the formulae are linked with the average vector
field integrator [29] and its extensions [5, 16], as well as to B-series methods [11, 12].
Further generalizations of HBVMs, aimed at preserving any number of invariants,
have been also proposed [2].

Attempts to incorporate both symplecticity and energy conservation into the
numerical method will clash with two nonexistence results. The first [14] refers to
nonintegrable systems, that is, systems that do not admit other independent first
integrals different from the Hamiltonian function itself. According to the authors,

If [the method] is symplectic, and conserved H exactly, then it is
the time advance map for the exact Hamiltonian system up to a
reparametrization of time.

The second negative result [13] refers to B-series symplectic methods applied to general
(not necessarily nonintegrable) Hamiltonian systems:

The only symplectic method (as B-series) that conserves the Hamilto-
nian for arbitrary H(y) is the exact flow of the differential equation.

The impossibility for a constant time stepping algorithm to be at the same time
symplectic and energy conserving has led to research into methods which could inherit
both features in a weaker sense. This delicate aspect has been thoroughly faced in [21],
where the authors prove the existence of symplectic-energy-momentum integrators
by using time-adaptive steps. Here the symplecticity property is interpreted in a
space-time view with the aid of a discrete version of the variational principle for
a nonautonomous Hamiltonian system, while time step adaption is used to impose
energy conservation (see also [27]).

Second-order accurate energy-momentum conserving algorithms have been pro-
posed in [32, 33]. In particular, in [33] the authors devise a one-parameter family of
symplectic integrators suitable for separable Hamiltonian systems. Therefore, by con-
struction, the time step takes place on the level set of constant angular momentum.
They show that the parameter may be suitably tuned in such a way to enforce energy
conservation.

Following this line of investigation, the aim of the present work is to devise meth-
ods of arbitrarily high order that conserve quadratic invariants and the energy asso-
ciated with a general canonical Hamiltonian system.

1We refer the reader to [3] for complete documentation of HBVMs.
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More precisely, we will begin with introducing a family of one-step methods

(1.2) y1(α) = Φh(y0, α)

(h is the stepsize of integration), depending on a real parameter α, with the following
specifics:

1. For any fixed choice of α �= 0, the corresponding method is a symplectic
Runge–Kutta method with s stages and of order 2s− 2.

2. For α = 0 one gets the Gauss collocation method (of order 2s).
3. For any choice of y0 and in a given range of the stepsize h, there exists a value

of the parameter, say, α∗, depending on y0 and h, such that H(y1) = H(y0)
(energy conservation).

As the parameter α ranges in a small interval centered at zero, the value of the
numerical Hamiltonian function H(y1) will match H(y0), thus leading to energy con-
servation. This result, which will be formally proved in section 3, is formalized as
follows: Under suitable assumptions, there exists a real sequence {αk} such that the
numerical solution defined by yk+1 = Φh(yk, αk), with y0 defined in (1.1), satisfies
H(yk) = H(y0), k = 0, 1, . . . .

To clarify this statement and how it relates to the above nonexistence results, we
emphasize that the energy conservation property only applies to the specific numerical
orbit {yk} that the method generates, starting from the initial value y0 and with
stepsize h. For example, let us consider the very first step and assume the existence
of a value α = α0 that yields energy conservation between the two state vectors y0 and
y1, as indicated in item 3 above. If α0 is maintained constant, the map y �→ Φh(y, α0)
is symplectic and, by definition, ensures the energy conservation condition H(y1) =
H(y0). However, it would fail to provide a conservation of the Hamiltonian function

if we changed the initial condition y0 or the stepsize h: in general, if ŷ0 �= y0 or ĥ �= h,
we would obtain H(Φĥ(ŷ0, α0)) �= H(y0). Thus, the energy conservation property
we are going to discuss is a weakened version of the standard energy conservation
condition mentioned in the two nonexistence results above.

One of the most interesting features of symplectic Runge–Kutta methods is the
fact that they are also able to preserve all quadratic invariants of the continuous
dynamical system. Consequently, the methods described here are able to preserve
both the energy and the quadratic invariants of the continuous dynamical system.
This, in turn, provides better stability properties concerning the long-term simulation
of, e.g., periodic orbits (see [10] for details). It is therefore this aspect which we
would like to emphasize by naming such methods energy and quadrating invariants
preserving (EQUIP) methods. In particular, here we shall not consider any kind of
backward analysis in conjunction with the symplecticity of the discrete map.

The paper is organized as follows. In the next section we report the definition of
the methods, which are derived from the Gauss collocation formulae. In section 3 we
face the problem from a theoretical viewpoint and give some existence results that
aim to explain the energy-preserving property of the new methods. In section 4 we
report a few tests that give clear numerical evidence that a change in sign of the
function g(α) = H(y1(α))−H(y0) does indeed occur along the integration procedure.

2. Definition of the methods. Let c1 < c2 < · · · < cs and b1, . . . , bs be the
abscissae and the weights of the Gauss–Legendre quadrature formula in the interval
[0, 1]. We consider the Legendre polynomials Pj(τ), of degree j − 1, for j = 1, . . . , s,
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2900 L. BRUGNANO, F. IAVERNARO, AND D. TRIGIANTE

shifted and normalized in the interval [0, 1], so that

(2.1)

∫ 1

0

Pi(τ)Pj(τ)dτ = δij , i, j = 1, . . . , s

(δij is the Kronecker symbol), and the matrix

(2.2) P =

⎛⎜⎜⎜⎝
P1(c1) P2(c1) · · · Ps(c1)
P1(c2) P2(c2) · · · Ps(c2)

...
...

...
P1(cs) P2(cs) · · · Ps(cs)

⎞⎟⎟⎟⎠
s×s

.

Our starting point is the following decomposition of the Butcher array A of the Gauss
method of order 2s (see [19, Theorem 5.6]):

(2.3) A = PXsP−1,

where Xs is defined as

(2.4) Xs =

⎛⎜⎜⎜⎜⎝
1
2 −ξ1

ξ1 0
. . .

. . .
. . . −ξs−1

ξs−1 0

⎞⎟⎟⎟⎟⎠
with

(2.5) ξj =
1

2
√
(2j + 1)(2j − 1)

, j = 1, . . . , s− 1.

We now consider the matrix Xs(α) obtained by perturbing (2.4) as follows:

(2.6) Xs(α) =

⎛⎜⎜⎜⎜⎝
1
2 −ξ1

ξ1 0
. . .

. . .
. . . −(ξs−1 + α)

ξs−1 + α 0

⎞⎟⎟⎟⎟⎠ = Xs + αWs,

where α is a real parameter, and

(2.7) Ws =

⎛⎜⎜⎜⎜⎝
0 0

0 0
. . .

. . .
. . . −1
1 0

⎞⎟⎟⎟⎟⎠ ,

so that Xs(α) is a rank two perturbation of Xs.
The family of methods y1 = Φh(y0, α) we are interested in is defined by the

following tableau:

(2.8)

c1
...
cs

A(α) ≡ PXs(α)P−1

b1 . . . . . . bs
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Therefore

(2.9) A(α) = A+ αPWsP−1,

and hence A(0) = A.
By exploiting Theorems 5.11 and 5.1 in [19, Chapter IV.5], we readily deduce

that the symmetric method (2.8) has order 2s − 2 for any fixed α �= 0 and order 2s
when α = 0.2

We set

(2.10) ω =

⎛⎜⎝ b1
...
bs

⎞⎟⎠ , Ω =

⎛⎜⎝ b1
. . .

bs

⎞⎟⎠ , e =

⎛⎜⎝ 1
...
1

⎞⎟⎠ ∈ R
s.

Theorem 2.1. For any value of α, the Runge–Kutta method defined by (2.8)
is symplectic. Consequently, it preserves all quadratic invariants of the continuous
dynamical system.

Proof. On the basis of [18, Theorem 4.3, p. 192], we will prove the following
sufficient condition for symplecticity:

ΩA(α) +A(α)TΩ = ω ωT .

Since the degree of the integrand functions in (2.1) does not exceed 2s − 2, such
orthogonality conditions may be equivalently posed in discrete form as

s∑
k=1

bkPi(ck)Pj(ck) = δij , i, j = 1, . . . , s,

or in matrix notation as

(2.11) PTΩP = I.

Considering that from (2.11) we get P−1 = PTΩ, from (2.9) we have that

(2.12) ΩA(α) +A(α)TΩ = ΩA+ATΩ+ αΩP(Ws +WT
s )PTΩ = ω ωT

since the Gauss method is symplectic, and Ws is skew-symmetric so that Ws +WT
s

= 0.
In the event that a value α∗ ≡ α∗(y0, h) for the parameter α may be found such

that the conservation condition H(y1(α)) = H(y0) is satisfied, we can extrapolate
from the parametric method (2.8) a symplectic scheme

(2.13) y �→ Φh(y, α
∗)

that provides energy conservation if evaluated at y0. The existence of such an α∗

will be proved in section 3. One important implication of the symplectic nature of
(2.13) is the conservation of all quadratic constants of motion associated with system
(1.1). Consequently, the new formulae, when applied to the initial value system
(1.1), are able to define a numerical approximation of any high order, along which

2Later on (see Theorem 3.3 and Remark 3.4), we shall see that a proper choice of the parameter
α allows us to recover the order 2s of the method.
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the Hamiltonian function and all quadratic first integrals of the system are precisely
conserved.

Example 1. When s = 2, one obtains that the tableau (2.8)–(2.9) becomes

(2.14)

1
2 −

√
3
6

1
4

1
4 −

√
3
6 − α

1
2 +

√
3
6

1
4 +

√
3
6 + α 1

4
1
2

1
2

.

Consequently, for α = 0 one retrieves the two-stage Gauss method.
Example 2. When s = 3, one obtains that the tableau (2.8)–(2.9) becomes

(2.15)

1
2 −

√
15
10

5
36

2
9 −

√
15
15 − α 2

3
5
36 −

√
15
30 + α 2

3

1
2

5
36 +

√
15
24 + α 5

12
2
9

5
36 −

√
15
24 − α 5

12

1
2 +

√
15
10

5
36 +

√
15
30 − α 2

3
2
9 +

√
15
15 + α 2

3
5
36

5
18

4
9

5
18

.

Consequently, for α = 0 one retrieves the three-stage Gauss method.

2.1. Generalizations. The proof of Theorem 2.1 suggests how to extend the
definition of the new formulae in order to get a family of methods depending on a set
of parameters. Indeed, by looking at (2.12), one has that replacing matrix αWs by

any skew-symmetric matrix W̃s still guarantees symplecticity.
Theorem 2.2. Consider any s×s skew-symmetric matrix W̃s. Then, the Runge–

Kutta method defined by the Butcher tableau

(2.16)

c1
...
cs

A(α) ≡ P(Xs + W̃s)P−1

b1 . . . . . . bs

with W̃T
s = −W̃s is symplectic.

For example, a natural choice for the matrix W̃s is

(2.17) W̃s =

⎛⎜⎜⎜⎜⎝
0 −α1

α1 0
. . .

. . .
. . . −αs−1

αs−1 0

⎞⎟⎟⎟⎟⎠ ,

leading to a multiparametric method depending on the s−1 parameters α1, . . . , αs−1.
3

2.2. Quasi-collocation conditions. Equation (2.9) shows the relation between
the Butcher arrays associated with the new parametric method and the Gauss col-
location method. To avoid loss of generality, in this subsection we solve the generic
problem ẏ = f(y).

3Also in this case, it can be shown that a proper choice of such parameters allows us to recover
the order 2s of the original method (see Remark 3.4 and Theorem 3.5).
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We wonder how the collocation conditions defining the Gauss methods are af-
fected by the parameter α. This task is easily accomplished by expressing the co-
efficients of the perturbing matrix PWsP−1 in terms of linear combinations of the
integrals

∫ ci
0 lj(τ)dτ , where lj(τ) is the jth Lagrange polynomial defined on the ab-

scissae c1, . . . , cs. Let Γ be the solution of the matrix linear system AΓ = PWsP−1,
which means that (see (2.3))

(2.18) Γ ≡ (γij) = PX−1
s WsP−1.

The nonlinear system defining the block vector of the internal stages {Yi} is then
given by

Y = e⊗ y0 + h(A⊗ I)F (Y ) + αh(AΓ⊗ I)F (Y ),

where e is the vector defined in (2.10), I is the identity matrix of dimension 2m, and

Y =
(
Y T
1 . . . Y T

s

)T
, F (Y ) =

(
f(Y1)

T . . . f(Ys)
T
)T

.

Consequently, the polynomial σ(t0 + τh), of degree s, that interpolates the stages Yi

at the abscissae ci, i = 1, . . . , s, and the initial condition y0 at 0, is

(2.19) σ(t0+τh) = y0+h
s∑

j=1

∫ τ

0

lj(x)dx f(Yj)+αh
s∑

j=1

(
s∑

k=1

γkj

∫ τ

0

lk(x)dx

)
f(Yj).

Differentiating (2.19) with respect to τ gives

(2.20) σ̇(t0 + τh) =

s∑
j=1

lj(τ) f(σ(t0 + cjh)) + α

s∑
j=1

(
s∑

k=1

γkj lk(τ)

)
f(σ(t0 + cjh)).

Finally, evaluating (2.19) at τ = 0 and (2.20) at τ = ci yields

(2.21)

⎧⎪⎨⎪⎩
σ(t0) = y0,

σ̇(t0 + cih) = f(σ(t0 + cih)) + α
s∑

j=1

γij f(σ(t0 + cjh)), i = 1, . . . , s.

Clearly, for α small, we can regard (2.21) as quasi-collocation conditions, since for
α = 0 we recover the classical collocation conditions defining the Gauss method.

3. Theoretical existence results. After defining the error function

g(α) = H(y1(α))−H(y0),

the nonlinear system, in the unknowns Y1, . . . , Ys and α, to be solved at each step for
getting energy conservation, reads

(3.1)

{
Y = e⊗ y0 + h(A(α) ⊗ I)F (Y ),
g(α) = 0,

and its solvability is equivalent to the existence of the energy-preserving method (2.13)
we are looking for. After defining the vector function

G(h, y1, α) =

(
y1 − Φh(y0, α)

H(y1)−H(y0)

)
,
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we see that system (3.1) is equivalent to G(h, y1, α) = 0. Of course G(0, y1, α) = 0 for
any value of α and, in particular G(0, y1, 0) = 0. The Jacobian of G with respect to
the two variables y1 and α reads

∂G

∂(y1, α)
(h, y1, α) =

(
I ∂Φh

∂α (y0, α)

∇TH(y1) 0

)

with I the identity matrix of dimension 2m. From (2.13) we see that ∂Φh

∂α (y0, α)
coincides with y′1(α) and hence with σ′

α(t0+h). Due to the consistency of the method,
it follows that, for α = 0, σ′

α(t0 + h) → J∇H(y0) as h → 0. Therefore

(3.2)
∂G

∂(y1, α)
(0, y1, 0) =

(
I J∇H(y0)

∇TH(y0) 0

)
.

Unfortunately, the Jacobian matrix (3.2) is always singular. Consequently, the im-
plicit function theorem (in its classical formulation) does not help in retrieving exis-
tence results of the solution of (3.1) when h is small. However, the rank of the matrix
(3.2) is 2m independently of the problem to be solved. This would suggest the use
of the Lyapunov–Schmidt decomposition [31], which considers the restriction of the
system to both the complement of the null space and the range of the Jacobian, to
produce two systems to which the implicit function theorem applies.

In our case this approach is simplified in that the implicit function theorem ensures
the existence of a solution Y (α) of the first system in (3.1) for all values of the
parameter α ranging in a closed interval containing the origin and |h| ≤ h0 with h0

small enough. Then y1(α) = y0+h(bT ⊗I)Y (α) is substituted into the second of (3.1)
to produce the so-called bifurcation equation in the unknown α. When needed, we will
explicitly write g(α, h) or g(α, h, y0), in place of g(α), to emphasize the dependence
of the function g upon the stepsize h, which has to be treated as a parameter, and
the state vector y0.

Let us fix a vector y0 and look for solution curves of g(α, h) = 0 in the (h, α)
plane. Obviously g(α, 0) = 0 for any α, which means that the axis h = 0 is a solution
curve of the bifurcation equation; of course, we are interested in the existence of a
different solution curve α∗ = α∗(h) passing through the origin. Since the gradient of
g vanishes at (0, 0), one has to compute the subsequent partial derivatives of g with

respect to α and h. However, one verifies that ∂2g
∂h2 = ∂2g

∂α2 = ∂2g
∂α∂h evaluated at (0, 0)

vanish as well, and this makes the computations even harder. For this reason, to
address the question about the existence of a solution of (3.1), we make the following
(mild and quite reasonable) assumptions:

(A1) The function g is analytical in a rectangle R = [−ᾱ, ᾱ]× [−h̄, h̄] centered at
the origin.

(A2) Let d be the order of the error in the Hamiltonian function associated with
the Gauss method applied to the given Hamiltonian system (1.1) and the
given state vector y0, that is,

(3.3) g(0, h) = H(y1(0))−H(y0) = c0h
d +O(hd+1)

with c0 �= 0. Then, we assume that for any fixed (α, h) ∈ R, α �= 0,

g(α, h) = c(α)hd−2 +O(hd−1)

with c(α) �= 0.
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Remark 3.1. A couple of quick comments are in order before continuing. Ex-
cluding the case where the Hamiltonian H(q, p) is quadratic (which would imply
g(α, h) = 0 for all α), the error in the numerical Hamiltonian function associated
with the Gauss method is expected to behave as O(h2s+1). We cannot exclude a
priori that special classes of problems or particular values for the state vector y0 may
occur, for which the order of convergence may be even higher. This is why we have
introduced the integer d: such an integer will be at least 2s+1. Moreover, we empha-
size that the constant c0 and the function c(α) will depend on y0. In conclusion, what
we are assuming is that for the method (2.8), when α is a given nonzero constant,
the order of the error H(y1(α)) −H(y0) is lowered by two units with respect to the
underlying Gauss method of order 2s, which is a quite natural requirement since such
method has order 2s− 2.

Theorem 3.2. Under the assumptions (A1) and (A2), there exists a function
α∗ = α∗(h), defined in a neighborhood of the origin (−h0, h0), such that

(i) g(α∗(h), h) = 0 for all h ∈ (−h0, h0),
(ii) α∗(h) = const · h2 +O(h3).
Proof. From (A1) and (A2) we obtain that the expansion of g around (0, 0) is

(3.4) g(α, h) =

∞∑
j=d

1

j!

∂jg

∂hj
(0, 0)hj +

∞∑
i=1

∞∑
j=d−2

1

i!j!

∂i+jg

∂αi∂hj
(0, 0)hjαi.

We are now in the right position to apply the implicit function theorem. We will look
for a solution α∗ = α∗(h) in the form α∗(h) = η(h)h2, where η(h) is a real-valued
function of h. To this end, we consider the change of variable α = ηh2 and insert it
into (3.4), thus obtaining

(3.5)

g(α, h) =
1

d!

∂dg

∂hd
(0, 0)hd +

1

(d− 2)!

∂d−1g

∂α∂hd−2
(0, 0)hdη

+
1

(d− 1)!

∂dg

∂α∂hd−1
(0, 0)hd+1η + higher-order terms.

Therefore, for h �= 0, g(α, h) = 0 is equivalent to g̃(η, h) = 0, where

(3.6)
g̃(η, h) =

1

(d− 1)d

∂dg

∂hd
(0, 0) +

∂d−1g

∂α∂hd−2
(0, 0)η

+
1

d− 1

∂dg

∂α∂hd−1
(0, 0)hη + higher-order terms.

By assumption (A2), both ∂dg
∂hd (0, 0) and ∂d−1g

∂α∂hd−2 (0, 0) are different from zero and
hence the implicit function theorem ensures the existence of a function η = η(h) such
that g̃(η(h), h) = 0. The solution of g(α, h) = 0 for the variable α takes the form

(3.7) α∗(h) = η(h)h2 = − 1

(d− 1)d

∂dg
∂hd (0, 0)

∂d−1g
∂α∂hd−2 (0, 0)

h2 +O(h3),

and this completes the proof.
By exploiting [24, Theorem 6.1.2], we see that the function α∗(h) is analytic if the

power series (3.4) is absolutely convergent for |h| ≤ h0 and |α| ≤ α0. In any event,
the function α∗(h) is tangent to the h-axis at the origin, which means that a very
small correction of the Gauss method is needed when the stepsize is small enough. As
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a matter of fact, the needed correction is so small that the resulting method (2.13)
has order 2s instead of 2s− 2, just as the Gauss method obtained by posing α = 0.
This is a consequence of the following result.

Theorem 3.3. Consider the parametric method (2.8) and suppose that the pa-
rameter α is actually a function of the stepsize h, in such a way that α(h) = O(h2).
Then, the resulting method has order 2s.

Proof. Let y1(α, h) be the solution computed by method (2.8) at time t0 + h,
starting at y0 = y(t0). The mean value theorem yields

y1(α, h) = y1(0, h) +

(∫ 1

0

y′(tα, h)dt
)
α.

We recall that y1(0, h) is the numerical solution provided after a single step of the
Gauss method and hence it is O(h2s+1) accurate, while for α �= 0, y1(α, h) yields an

approximation to the true solution of order 2s− 1. This implies that
∫ 1

0
y′(tα, h)dt is

O(h2s−1). Consequently,

y1(α, h)−y(t0+h) = y1(0, h)−y(t0+h)+

(∫ 1

0

y′(tα, h)dt
)
α = O(h2s+1)+αO(h2s−1),

which implies that the error at the left-hand side is O(h2s+1) if and only if α =
O(h2).

Remark 3.4. It is worth emphasizing that the result of Theorem 3.3 implies that
the modified methods retain the order 2s of the generating Gauss formula.

Example 3. Figure 3.1 reports the level curves of the function g(α, h), in a
neighborhood of the origin, for the Kepler problem described in subsection 4.1. (The
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Fig. 3.1. Level curves in the plane (h, α) of the function g(α, h, y0) associated with the method
(2.8) of order four for the Kepler problem (see subsection 4.1) in a neighborhood of the origin:
h ∈ [−0.2, 0, 2], α ∈ [−0.5 · 10−3, 4 · 10−3]. Besides the α-axis, a zero level curve tangent to the h-
axis at the origin is visible. Such a curve separates two regions around the origin where the function
g has the opposite sign. We notice that just a small correction of the Gauss method suffices to
recover the energy preservation even for relatively large stepsizes.
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vector y0 is that given in (4.3).) The tick lines in the plot correspond to the points
(α, h) in the plane where g vanishes. This zero level set consists of the vertical axis
h = 0 and of the function α∗(h), which splits the region surrounding the origin into
two adjacent subregions where the function g assumes opposite signs. Despite the
local character of the above existence result, we see that the branches of the function
α∗(h) extend far away from the origin. Similar bifurcation diagrams may be traced
starting from different initial values y0 for all the test problems we have considered;
this suggests that, in the spirit of the long-time simulation of dynamical systems,
a quite large stepsize may be used during the numerical integration performed by
method (2.13).

We end this section by providing a straightforward generalization of Theorem 3.2
to the case where the parameter α is used to perturb a generic (not necessarily the
last) element on the subdiagonal of the matrix Xs and its symmetric.

Theorem 3.5. Consider the method (2.16) with W̃s as in (2.17) with αi = δirα
for a given r ∈ {1, . . . , s − 1}. We assume that assumption (A1) and the following
assumption (replacing (A2)) hold true:

(Ar
2) let d be the order of the error in the Hamiltonian function associated with the

Gauss method applied to the given Hamiltonian system (1.1) and the given
state vector y0, as indicated at (3.3). Then, we assume that for any fixed
(α, h) ∈ R, α �= 0,

g(α, h) = cr(α)h
d−2(s−r) +O(hd−2(s−r)+1)

with cr(α) �= 0.
Then, there exists a function α∗ = α∗(h) defined in a neighborhood of the origin
(−h0, h0) and such that

(i) g(α∗(h), h) = 0 for all h ∈ (−h0, h0),
(ii) α∗(h) = const · h2(s−r) +O(h2(s−r)+1).

Consequently, the symplectic energy conserving method resulting from this choice of
the parameter has order 2s.

Example 4. In the case s = 3, α1 = α, and α2 = 0, (2.17) becomes

(3.8) W̃s = α

⎛⎝ 0 −1 0
1 0 0
0 0 0

⎞⎠ ,

and one obtains the following sixth-order EQUIP variant of the three-stage Gauss
method (compare with (2.15)),

(3.9)

1
2 −

√
15
10

5
36

2
9 −

√
15
15 − 4α

√
5

15
5
36 −

√
15
30 − α

√
5
3

1
2

5
36 +

√
15
24 + α

√
5
6

2
9

5
36 −

√
15
24 − α

√
5
6

1
2 +

√
15
10

5
36 +

√
15
30 + α

√
5
3

2
9 +

√
15
15 + 4α

√
5

15
5
36

5
18

4
9

5
18

,

due to the fact that, according to Theorem 3.5, α = O(h4). Also in this case, for
α = 0 one retrieves the original three-stage Gauss method.

4. Numerical tests. In this section we present a few numerical tests showing the
effectiveness of our approach. Method (2.13) and its generalizations are implemented
by solving, at each step, system (3.1). The efficient solution of such a system will
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be the subject of future investigations and will not be discussed here, though there
is evidence that the computational cost of an EQUIP method is comparable with
that of the corresponding Gauss method. In the present tests, we use a standard
solver for Runge–Kutta methods coupled with either the secant/chord iteration or the
bisection method for determining the parameter α∗ that yields the energy conservation
property.

The methods that we will consider in our experiments are
• method (2.13) with s = 2 (fourth-order, i.e., method (2.14));
• method (2.13) with s = 3 (sixth-order, i.e., method (2.15));
• the sixth-order variant of the EQUIP method given by (3.9), for which The-
orem 3.5 applies with s = 3 and r = 1.

In order to distinguish between the two methods of order six, hereafter the latter will
be referred to as “the order six method of the second type.”

4.1. The Kepler problem. In this problem, two bodies subject to Newton’s
law of gravitation revolve around their center of mass, placed at the origin, in elliptic
orbits in the (q1, q2)-plane. Assuming unitary masses and gravitational constant, the
dynamics is described by the Hamiltonian function

(4.1) H(q1, q2, p1, p2) =
1

2

(
p21 + p22

)− 1√
q21 + q22

.

Besides the total energy H , a relevant first integral for the system is represented by
the angular momentum

(4.2) L(q1, q2, p1, p2) = q1p2 − q2p1.

Due to its symplecticity, the quadratic first integral (4.2) will be automatically con-
served by method (2.8) for any choice of the parameter α. On the other hand, we
show that at each step of integration, the parameter α may be tuned in order to get
energy conservation in the numerical solution.

As an initial condition we choose

(4.3) q1(0) = 1− e, q2(0) = 0, p1(0) = 0, p2(0) =

√
1 + e

1− e
,

from which a periodic orbit of period 2π and eccentricity equal to e (in the (q1, q2)-
plane) originates. Consequently, H(q, p) = −0.5 and L(q, p) =

√
1− e2. We set

e = 0.6 since, in this experiment, we are going to use a constant stepsize (see [18, sec-
tion I.2.3]). More precisely, we solve problem (4.1) in the interval [t0, T ] = [0, 50] by
the two-stage method (2.13) with the following set of stepsizes: hi = 2−i, i = 1, . . . , 7.
Figure 4.1 reports the errors in the Hamiltonian function H and in the angular mo-
mentum L for the numerical solution generated by the method implemented with the
intermediate stepsize h = 2−5. These plots, which remain almost the same whatever
the stepsize considered in the given range, testify that the integration procedure per-
formed by method (2.14) is indeed feasible and both energy and angular momentum
preservation may be recovered in the discrete approximation of (1.1). For compari-
son purposes, we also report the same quantities for the Gauss method of order four
(corresponding to the choice α = 0 in (2.14)).

The second and third columns of Table 4.1 report the global error e(hi) =
|yN (hi)− y(T )|, N = T/hi, at the end point of the integration interval and the corre-
sponding numerical order. According to Theorem 3.3, we see that the maximum order
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Fig. 4.1. Top: errors in the Hamiltonian function of the Kepler problem evaluated along the
numerical solution generated by the Gauss method of order four and that of its conservative variant
(2.14). Bottom: error in the numerical angular momentum of the solution computed by the two
methods. In both cases the stepsize used is h = 2−5.

(i.e., four) is preserved by method (2.14). Moreover, since the conservative variant of
the Gauss method preserves both the angular momentum (4.2) and the energy (4.1),
according to the analysis in [10], a more favorable error propagation with respect to the
generating Gauss method is to be expected. This is indeed confirmed by the upper plot
of Figure 4.2, where we see that the conservative variant exhibits a linear error growth,
which is more than one order of magnitude smaller than that of the Gauss method.

In the lower plot of Figure 4.2 the sequence α∗
n is plotted for the case h = 2−5.

We consider δ(h) = maxn(α
∗
n) − minn(α

∗
n) as a measure of the total variability of

the values of the sequence {α∗
n}. Such a quantity is reported in the fourth column of

Table 4.1 for the values of the stepsize hi used in this test. According to the result
of Theorem 3.2, the last column in the table confirms that the dependence of δ(h) on
the stepsize h is of the form δ = ch2 + h.o.t. with c � 0.16.
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Table 4.1

Performance of the fourth-order method (2.14) applied to the Kepler problem. The global error
at T = 50 (second column) and the corresponding order obtained via the formula log2(e(hi)/e(hi+1))
indicate that the perturbations introduced in the Gauss collocation conditions (see (2.21)) are small
enough that order four of the Gauss method with two stages is conserved by its energy-preserving
variant. The last two columns give a measure of the perturbations and of the rate they tend to zero
as h → 0. The quantity δ(h) is the amplitude of the minimum interval that encloses all the values
α∗
n for the given stepsize h and in the given integration interval. Hence, the last column confirms

what was proved in Theorem 3.2, namely, that the perturbations are O(h2).

h e(h) Order δ(h) δ(h)/h2

2−1 2.62 · 100 2.13 · 10−2 8.5374 · 10−2

2−2 3.85 · 10−1 2.763 1.04 · 10−2 1.6700 · 10−1

2−3 2.50 · 10−2 3.945 2.52 · 10−3 1.6185 · 10−1

2−4 1.59 · 10−3 3.970 6.23 · 10−4 1.5951 · 10−1

2−5 1.00 · 10−4 3.991 1.55 · 10−4 1.5878 · 10−1

2−6 6.28 · 10−6 3.997 3.87 · 10−5 1.5862 · 10−1

2−7 3.93 · 10−7 3.999 9.67 · 10−6 1.5856 · 10−1

4.2. Test problem 2. We consider the problem defined by the following poly-
nomial Hamiltonian function:

(4.4) H(q1, q2, p1, p2) =
1

2
(p21 + p22) + (q21 + q22)

2.

This problem has been proposed in [26] as an example of a class of polynomial systems
which, under suitable assumptions, admit an additional polynomial first integral F
which is functionally independent of H . In this case, the additional (irreducible) first
integral is

(4.5) L(q1, q2, p1, p2) = q1p2 − q2p1.

The polynomial L being quadratic, we expect that our methods may preserve both
H and L.4

We have solved problem (4.4) by means of two EQUIP methods of order six
(s = 3): method (2.15) and the order six method of the second type described by
(3.9).

Figure 4.3 reports the errors in the Hamiltonian function H and in the quadratic
first integral L for the numerical solution generated by the latter method implemented
with the intermediate stepsize h = 2−3. (The former method provides very similar
results.) For comparison purposes, we also report the same quantities for the Gauss
method of order six.

Tables 4.2 and 4.3 are the analogues of Table 4.1 for these two EQUIP methods;
we see that both methods achieve order six, but while in the former α∗(h) = O(h2),
in the latter α∗(h) = O(h4) consistently with Theorems 3.2, 3.3, and 3.5.

4.3. The Hénon–Heiles problem. The Hénon–Heiles equation originates from
a problem in celestial mechanics describing the motion of a star under the action of

4Of course, L may again be interpreted as the angular momentum of a mechanical system having
(4.4) as the Hamiltonian function.
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Fig. 4.2. Top: linear error growth for the fourth-order Gauss method (dashed line) and its con-
servative variant (2.14) (solid line) when integrating the Kepler problem with stepsize h = 2π/200.
Bottom: sequence of the values of the parameter α∗ in the method (2.14), with h = 2−5, to obtain
energy conservation.

a gravitational potential of a galaxy which is assumed time-independent and with an
axis of symmetry (the z-axis) (see [20] and references therein). The main question
related to this model was to state the existence of a third first integral, beside the total
energy and the angular momentum. By exploiting the symmetry of the system and
the conservation of the angular momentum, Hénon and Heiles reduced the degrees of
freedom from three (cylindrical coordinates) to two (planar coordinates), thus showing
that the problem was equivalent to the study of the motion of a particle in a plane
subject to an arbitrary potential U(q1, q2):

(4.6) H(q1, q2, p1, p2) =
1

2
(p21 + p22) + U(q1, q2).
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Fig. 4.3. Top: errors in the Hamiltonian function of test problem 2 evaluated along the nu-
merical solution generated by the Gauss method of order six and that of its conservative variant of
the second type (3.9). Bottom: error in the quadratic first integral (4.5) for the solutions computed
by the above two methods. In both cases the stepsize used is h = 2−3.

In particular, for their experiments they chose

(4.7) U(q1, q2) =
1

2
(q21 + q22) + q21q2 −

1

3
q32 ,

which makes the Hamiltonian function a polynomial of degree three. When U(q1, q2)
approaches the value 1

6 , the level curves of U tend to an equilateral triangle, whose
vertices are saddle points of U (see Figure 4.4). These vertices have coordinates

P1 = (0, 1), P2 = (−
√
3
2 ,− 1

2 ), and P3 = (
√
3
2 ,− 1

2 ).
Since U in (4.6) has no symmetry in general, we can no longer consider the

angular momentum as an invariant, so the only known first integral is the total energy
represented by (4.6) itself, and the question is whether a second integral does exist.
Hénon and Heiles conducted a series of tests with the aim of giving numerical evidence
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Table 4.2

Performance of the EQUIP method (2.15) of order six applied to problem (4.4). The reported
quantities are the analogues of the ones presented in Table 4.1.

h e(h) Order δ(h) δ(h)/h2

2−1 2.17 · 10−2 1.59 · 10−2 6.37 · 10−2

2−2 4.59 · 10−4 5.562 3.99 · 10−3 6.39 · 10−2

2−3 7.77 · 10−6 5.884 9.99 · 10−4 6.40 · 10−2

2−4 1.24 · 10−7 5.970 2.53 · 10−4 6.48 · 10−2

2−5 1.94 · 10−9 5.992 6.33 · 10−5 6.49 · 10−2

2−6 3.05 · 10−11 5.994 1.59 · 10−5 6.51 · 10−2

Table 4.3

Performance of the sixth-order EQUIP method of the second type (3.9) applied to problem (4.4).

h e(h) Order δ(h) δ(h)/h4

2−1 4.91 · 10−2 5.59 · 10−2 0.895

2−2 1.46 · 10−2 1.753 1.51 · 10−2 3.87

2−3 1.84 · 10−4 6.304 4.92 · 10−4 2.01

2−4 3.23 · 10−6 5.836 4.07 · 10−5 2.66

2−5 4.73 · 10−8 6.091 2.30 · 10−6 2.41

2−6 7.03 · 10−10 6.074 1.50 · 10−7 2.51

q
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 − axis

q
2
 −

 a
xi

s

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−1

−0.5
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0.5

1

1.5

P
2

P
3

P
1

O

Fig. 4.4. Level curves of the potential U(q1, q2) of the Hénon–Heiles problem (see (4.7)). The
origin O is a stable equilibrium point whose domain of stability contains the equilateral triangle
having as vertices the saddle points P1, P2, and P3, provided that the total energy does not exceed
the value 1

6
. Inside the triangle, a numerical trajectory (small dots) computed by the sixth-order

method of the second type (3.9) with stepsize h = 0.25 and in the time interval [0, 500] is traced; its
total energy is 0.15.
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Fig. 4.5. Errors in the Hamiltonian function (4.6)–(4.7) evaluated along the numerical solu-
tion generated by the Gauss method of order six and that of its conservative variant of the sec-
ond type (3.9). Stepsize: h = 0.25; time interval: [0, 500]; initial condition (q10, q20, p10, p20) =

(0, 0,
√

3
10

, 0).

of the existence of such an integral for moderate values of the energy H and of the
appearance of chaotic behavior when H becomes larger than a critical value; it is
believed that for values of H in the interval (18 ,

1
6 ) this second first integral does not

exist (see also [18, section I3]).

We consider the initial point y0 = (q10, q20, p10, p20) = (0, 0,
√

3
10 , 0), giving a

total energy H = 0.15 ∈ (18 ,
1
6 ). Therefore, the orbit originating from y0 will never

escape the triangle for any value of the time t. We have integrated problem (4.6) in
the time interval [0, 500] with stepsize h = 0.25 by using the Gauss method of order
six and its conservative variant of the second type (3.9). Figure 4.5 shows the errors
in the Hamiltonian function H for both methods.

5. Conclusions. We have defined a new class of symmetric and symplectic one-
step methods of any high order that, under somewhat weak assumptions, are capable
of computing a numerical solution along which the Hamiltonian function is precisely
conserved. This feature has been achieved by first introducing a symplectic parametric
perturbation of the Gauss method and then selecting the parameter, at each step of the
integration procedure, in order to obtain energy conservation. A relevant implication
of the symplectic nature of each formula is the conservation of all quadratic first
integrals associated with the system. With the help of the implicit function theorem,
we have shown that not only do these methods exist, but the correction required on
the Gauss method is so small that the order of convergence of this latter method
is preserved by its conservative variant(s). A few test problems have been reported
to confirm the theoretical results presented and to show the effectiveness of the new
formulae.

This approach opens a number of interesting routes of investigation. First, if
preferred, the parameter could be selected to impose the conservation of other non-
quadratic first integrals different from the Hamiltonian function itself. More generally,
the multiparametric generalization introduced suggests the possibility of choosing the
free parameters in order to impose the conservation of a number of functionally in-
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dependent first integrals possessed by the continuous problem. Last but not least,
the idea of considering symplectic corrections of the Gauss method could in princi-
ple be extended to other classes of symplectic methods known in the literature. The
above described lines of investigation, as well as the efficient solution of the nonlin-
ear systems arising from the conservation requirements, will be the subject of future
research.

Acknowledgment. The authors are very grateful to an unknown referee for
pointing out the pioneering work of J. E. Marsden and coworkers on energy-preserving
and symplectic methods.
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M. Alber, B. Hu, and J. Rosenthal, eds. Birkhäuser, Basel, Switzerland, 1997, pp. 219–261.

[28] R.I. McLachlan, G.R.W. Quispel, and N. Robidoux, Geometric integration using discrete
gradient, Phil. Trans. Roy. Soc. London A, 357 (1999), pp. 1021–1045.

[29] G.R.W. Quispel and D.I. McLaren, A new class of energy-preserving numerical integration
methods, J. Phys. A, 41 (2008), 045206.

[30] J.M. Sanz-Serna and M.P. Calvo, Numerical Hamiltonian Problems, Chapman & Hall, Lon-
don, 1994.

[31] N. Sidorov, B. Loginov, A. Sinitsyn, and M. Falaleev, Lyapunov-Schmidt Methods in Non-
linear Analysis and Applications, Math. Appl. 550, Kluwer Academic, Dordrecht, Nether-
lands, 2002.

[32] J.C. Simo and N. Tarnow, A new energy and momentum conserving algorithm for the non-
linear dynamics of shells, Internat. J. Numer. Methods Engrg., 37 (1994), pp. 2527–2549.

[33] J.C. Simo, N. Tarnow and K.K. Wong, Exact energy-momentum conserving algorithms and
symplectic schemes for nonlinear dynamics, Comput. Methods Appl. Mechanics Engrg.,
100 (1992), pp. 63–116.

D
ow

nl
oa

de
d 

03
/3

0/
22

 to
 1

82
.1

49
.1

05
.2

04
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


