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A conservative difference scheme is presented for two-dimensional nonlinear Schrodinger equation with
wave operator. The discrete energy method and an useful technique are used to analyze the difference
scheme. It is shown, both theoretically and numerically, that the difference solution is conservative, uncon-
ditionally stable and convergent with second order in maximum norm. A numerical experiment indicates that
the scheme is very effective. © 2015 Wiley Periodicals, Inc. Numer Methods Partial Differential Eq 32: 862-876,
2016
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. INTRODUCTION

The nonlinear Schrodinger (NLS) equation is one of the most important equations of mathemat-
ical physics with applications in many different fields, such as plasma physics, nonlinear optics,
water waves, and bimolecular dynamics. In this article, we consider the following initial-boundary
value problem of NLS equation with wave operator in two dimension:

N uPu =0, (eoyit) € QX (0.T] 1)
- _ = = X
8[2 lat u u\u , X, Y, y N
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ulx,y,t)=0, (x,y)el', 0<t=<T, €))

where A = % + % is the Laplacian operator, €2 is [x;, x,] X [y;, y,], ' is the boundary of €2,
u(x,y,t) is a complex function, ¢(x,y), ¢ (x,y) are two prescribed smooth complex function,
and i = —1.

Computing the inner product of Eq. (1) with
law is obtained as follows

ou

- » and then taking the real part, the conservative

ad 1
E(r) = ||8—L:<-,r>||iz + 1O+ Sllu DIl = E0), 4)

where the semi-norm | - |2, = U, y, 0 + Ig—;(x,y,t)|2]dxdy.
Q

Zhang et al. found that the nonconservative schemes may easily show nonlinear blow-up when
they study for NLS equation, so they presented a conservative difference scheme in [1]. Exten-
sive mathematical and numerical studies have been carried out for the NLS equation with wave
operator in the literature [2—7]. Christov and his coauthors presented another approach to get fully
implicit conservative schemes of second order for nonlinear wave equations in [8, 9].

In recent years, much attention has been paid to the finite difference schemes for two-
dimensional Schrddinger equations [10-16]. To measure computational error especially the phase
error of numerical solutions, maximum norm error is preferable in practice or numerical analysis.
By the standard H' energy analysis, it is not difficult to prove that the difference solutions for
linear Schrédinger equations are convergent in the H' norm, see e.g. [10]. But the H' error esti-
mate does not imply the maximum norm estimate. Wang proposed maximum norm error bound
of a linearized difference scheme for a coupled NLS equations in [12], but the error estimate is
not valid in high dimensions. Liao presented maximum norm error analysis of explicit schemes
for two-dimensional NLS equations in [11], but it is conditionally convergent. To the best of
our knowledge, there are few results about unconditional maximum norm convergence for two-
dimensional NLS equation with wave operator. In general, the maximum norm priori estimates
of the numerical solution are proved difficultly for the NLS equation. In fact, their proofs for
conservative finite difference scheme rely strongly on not only the conservative property of the
method but also the discrete version of the Sobolev inequality in one dimension in [2-6], however,
the extension of the discrete version of the above Sobolev inequality is no longer valid in two
dimensions in [10-12, 17]. Thus it must firstly estimate H> norm priori estimates of the numerical
solution for maximum norm priori estimates of the numerical solution in two dimension.

Numerical approximations for Schrodinger equation have drawn much attention. Wang pro-
posed numerical studies on the split-step finite difference method for various case of NLS
equations such as cubic NLS equation, coupled NLS equation with constant coefficients and
GP equations in 1D, 2D, 3D in [18]. Dehghan presented a compact split-step finite difference
method for solving the NLS equations with constant and variable coefficients in [19], but, unfor-
tunately, it is difficult to generalize to wave equations by the split-step finite difference method.
In [13, 16] introduced alternating direction implicit method for two-dimensional NLS equation,
but we find it difficult to extend two-dimensional NLS equation with wave operator. To avoid
time-step constraints, it is often preferable to solve (1) implicitly in time. However, as for the
implicit schemes of nonlinear equations in high dimensions, the algebraic systems are very large.
Thus, it is necessary to construct high effective algorithm. The objective of this article is twofold.
The first one is to propose a conservative difference scheme for two-dimensional NLS equation
with wave operator and prove the unconditional stability and convergence in maximum norm with
order O(t* + h?*) by the energy method. The other is to construct an iterative algorithm for the
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conservative difference scheme and demonstrate the effectiveness of the conservative difference
scheme.

The remainder of this article is organized as follows. A conservative difference scheme is
proposed and the discrete conservation law of the difference scheme is discussed in Section 2. In
Section 3, the priori estimations for numerical solutions are made, the convergence and stability
for the new scheme are proved. In the last section, an iterative algorithm and numerical results
will be discussed.

Il. SOME NOTATION AND USEFUL RESULTS

The domain {(x,y,1)|(x,y,7) € 2 x [0,T]} is discretized into grids described by the set
{(X¢, Ym» 1,)} of nodes, in which

Xy =x,+kh,, 0<k<K, y,=y+mhy, 0<m<M, t,=nt, 0<n<N,

where hy = ==L, h, = 2L and T = N, and K, M, N are three positive integers.

LetUp, = u(xk,ym,t ),and 2, = {(xg, yu)|l <k <K —1,1 <m <M — 1}, T';, denote the
set of nodes on I', and Q), = Q, UT,.

For simplicity of exposition, the spatial step length is both / along the X axis and Y axis, the
mesh ratio r = . The following notations are used:

n n n n
(S Un _ Uk+l,m Ukm 8 Un _ Ukm Uk—l,m
X~hkm T h ’ km — h ’
n _ n n n+l n
(SZUn _ Uk—l»m 2Ukm + Uk+1,m S U = Ukm Ukm
km — h2 4 ~km — 4
T
n n—1 n+1 n—1
8 U' = Ukm Ukm 5 U = Ukm — Ukm
= — = —
km T km 27

82U”

km>

Similar notations 8,U},,, §;U}! 82U; . can also be defined and the discrete Laplacian

km>
operator A, Uy, = (‘Si 5§)Uk’"
Let Vh — {v|v — {Ukm'(xkaym) (= ﬁh’ and Vim = 0, (xk’ym) (S] F}a fOl‘ any v, W € ‘/h? we

define the discrete inner product as

K—1M-1
2 -
(v, w) =h Z Z Viem Wkm -
k=1 m=1
Accordingly, L*-norm ||v"|| = +/(v*, v"), similarly, we define discrete Sobolev norms (seminorm)
as follows:
K—1M-1 K—1M-1
180"l =[R2 3 18, 18 =[R2 )Y 18, P
N\ k=l m=1 N\ k=l m=1
K—1M—1
2 2
1830 Il = | h2 Y0 I8k, 2 I8l = |2 Z Z 18307 12,
k=1 m=1 k=1 m=1
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K—1M-1
1:8,0l1 = | B2 88,00, 1l = 180 P+ 118,071,
k=1 m=1
— n — 2 2 2 2 2
10" llow = , max_ [0, 180" = 182" 4+ 118207 + 2116,6, 0"

In this article, C denotes a general positive constant which may have different values in different
places.
Now, we present the following conservative difference scheme for the problem (1) — (3):

1 1
s UL, +i&UL, — EAh(U,z;,“ + UMY+ Z(|U:,:1|2 +uE PR+ ust =0,

km km km
kom=1,2,--- ,M—1, n=12---,N—1, (5)
U, =0, (gy,)el, n=0,12,---,N, (6)
U =@t yn), Ul =UL —2t¢(pnym), kom=0,1,2,--- M. 7)

Theorem 2.1. The difference scheme (5)—(7) is conservative in the sence:

1 1
E" =15,U"|* + E(IU"“I?Jr U + Z(IIU”“IliJr iy =Ee""'=-.-=E% ()

where [[U"|[$ = k> 30 M- Hog 1t
Proof. Computing the inner product of (5) with 6;U", and then taking the real part, we obtain

M1+M2_M3+M4=0,

where
M, = Re(8;U",8;U") = %&(II&U"IIZ), 9)
M, = Re(i8;U",8;U") = 0, (10)
M; = %Re(Ah(U”+1 + U, 86U = —%(IU”HI? — 10", an

1 1
M, = ZRe((IU”“I2 +UTI U U, §U) = Q(IIU”“IIX — o n. a2

Let
n np2 1 n+1,2 ni2 1 n+1p4 np4
E" =1]5,U"|] +§(|U Ii+ U |1)+Z(”U [y + U
We can get
EnZEn_l ="‘=E0,
where

1 1
E°=18,U°)> + 5<|U‘|% +1U°) + Z(IIUIIIi +11U°1Y).
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866 HU AND CHEN
To obtain the error estimate in the maximum norm, we need the following lemmas.

Lemma 2.1 (Discrete Sobolev’s inequality [11]). For any mesh function Uy,, € V,, there exists
a constant Cq dependent on the domain such that

Ul = Ca(IU] 4+ 1AL UID. 13)

Lemma 2.2 (Gronwall’s inequality [20]). Suppose that the discrete mesh function {w,,n =
1,2,--- ,N}, Nt =T, satisfies the inequality

w, < A+ZBkwkr, O0<nt<T,
k=1

where A and B, (k = 1,2,-- -, N) are nonnegative constants. Then,

wyloe < Ae?The1 BT, (14)

where t is sufficiently small, such that T(maxy_;,.. yBr) < %

Lemma 2.3. ([20]). Suppose that F(w) = F(wy,- - ,w,,) is n(> 1) times continuously dif-
ferentiable with respect to the variables w = (wy,--- ,w,,). The norms ||wy,|| and ||dwi]|
(k = 1,2,--- ,m) of the discrete functions wy, = {wkj|j =0,1,2,---, J} k=1,2,---,m)
defined on the grid points x; = jh (1,2, - -, J) with Jh = l are bounded. For the compound discrete
function F, = {Fj =F(w;)|j=0,12,---, J}, there are estimates

18" Fyll < Cill8"wl| + Ca,

forn > 1, where the constants C, C, depend on the norms ||\wy,|| and ||wi |l (k = 1,2,--- ,m)
and the compound function F(w), but they are in dependent of the steplength h > 0.

Lemma 2.4 ([4]). For any mesh functions {U"}, there is
1
HUHWP—HU"WFszrDmUﬂP+§uU”w%HU"W%]

Lemma 2.5 ([21]). For any mesh functions {v} € V,, there is

6 6
[ + ]Ile|2§ |vl}.
-V

Xr — X Yr

lll. NUMERICAL ANALYSIS

A. A Priori Estimate

First, we will estimate the difference solution by some important lemmas.

Theorem 3.1. Suppose that the solution of the Eqs. (1)—(3) satisfies the initial value ¢(x,y) €
CUY, p(x,y) € COY then the solution of the difference scheme (5) — (7) satisfies the following
estimates:

o =¢, W'y =C, 16U =C, |[lU"lx=C.

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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Proof. From (8), we obtain
n np2 1 n+1,2 ni2 1 n+1p4 np4 0
E" =115, U"|I” + E(W T+ 11U + Z(IIU l; + 11Uy = E° =C.
So we have
", <cC, 18U <C, |U";<C.

Let

1
S = UL P+ 10U UL +
Thus, we have

Re(f",8:8;U") = Re(8 f",8;U") < C3(II87 /"I + 1186,U" 1> + 118,U""|P).

Computing the inner product of (5) with §28;U", then taking the real part, we get

1
;(II&&U"II2 —118:8,U""11%)

1
+ E[(IIrSfU”*'II2 +118:8,U"HIP) = (182U P2+ 118:8,U" 1P
< GUIS " IP + 18U+ 118,U""117)

< G P+ NU P A 18U 1P+ 18,0+ 187U P+ 180D, (15)

where the last inequality is obtained by Lemma 2.3. Computing the inner product of (5) with
828;U", then taking the real part, we also get

1 ny2 n—172
57 (18,8 U711 = 118,86, U1

1
+ E[(IIS}Z,U"*'II2 188,017 = (18U + 118:8,U" 1)
< G181 + 18U P + 18,017

< GUU™P+ NP+ 18U 1P+ 160" P + 18U 1P + (18011, (16)
Adding (15) to (16), we can obtain
1
L1188, U 1> + 118,8,U"[17) — (118:8,U" " [1> + 118,8,U" 1)1 + E(”AhUnHHZ — 1A U1

< Car (AU P+ 1A U2+ (18U + 118U P + 10" P + 110" 1P), (17)

Numerical Methods for Partial Differential Equations DOI 10.1002/num



868 HU AND CHEN
and from (17) and Lemma 2.4, we get
[18:8,U" 11> + 118,8,U"[17) — (18:8,U" "> + 118,8,U" " [1))]
+ %(IIAhU”“II2 — AU P + (IO =111

< Car (AU P+ AU P2+ 18U 1P + 18U + 10"+ 110",
(18)

Let
1
A, = 118:8,U"|* + 118,8,U"||> + E(”AhUnHHZ + AU D) + (U P+ N0 P).

Then (18) can be written as

Ay < Ao+ Cat Y (AU P+ AU + 18 UHIP + 118, U P
k=1

+ USSP+ 11U P). 19)
From Lemma 2.2 and Lemma 2.5, we have
1U"> < C, [laU"]P < C.
From Lemma 2.1, we have

"% = €.

B. Convergence and Stability

Now, we will prove convergence and stability in the maximum norm.
Assume that u}, = u(kh,mh,nt) is the solution of the Eqs. (1)—(3) on the grid points, then
the truncation error of the scheme as

1 1
Pl = 87U + 187000, — STARG + A1+ 2 (i 1P 4 i, P @y +ug,h. o 20)

According to Taylor’ expansion, it can be easily obtained that

Lemma 3.1. Suppose that the solution of the Egs. (1)—(3) satisfies u(x,y,t) € C**Y, then the
truncation error of the scheme (5)—(7) is of order

.= 0@ +h?). 21)
Theorem 3.2. Suppose that the solution of the Egs. (1)—(3) satisfies u(x,y,t) € C®>Y, the
numerical solution of the scheme (5)—(7) converges to the solution of the Egs. (1)—(3) with order

O(t? + h?) by the Lo norm.

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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Proof. Let

Subtracting (5) from (20), we get

re =38l +isel — —[Ahek+1 + Apep ']

1
Z(Iu”“l + Y@ +uly — (UST P+ U ORI (22)

Computing the inner product of (22) with &;¢},,, and taking the real part, for the left term of
the above equality (22), we get

Re(r",8:¢") < [0(> + ID)T + [18,¢"|> + |I8,¢""|>.

For the right part of the above equality (22), where the nonlinear term is calculated as follows:

1
ZRe((|un+l|2 + |un71 |2)(un+l + unfl) _ (lUn+l |2 + |Un71|2)(Un+l + Un71)78fen)

1
— ZR(?((|M"+1|2 + |un—1|2)(en+1 + en—l)
+ [(lun+1|2 + |Mn—l|2) _ (lUrL-HlZ + |U11—1|2)](Un+1 + U”_l),(S;e”)

1
— ZRe((|un+l|2 + |un71 |2)(en+l + enfl)’afen)
1
+ ZRe([(lun+l|2 + |un—1|2) _ (lUn+l|2 + |Un—1|2)](UIH—1 + U"_l),(S;e")

1 1
— §R€((|Mn+l|2 + |un—1|2)(en+1 + en—l)’alen + aten—l) + gRe([u"Hé"H

+ en+10n+l + unflénfl + enfl[]rlfl](UnJrl + Unfl)’sten + 3,6”71)
< CUle" 1P+ 1" 1P+ 118e" |17 4 118ie" ' [1P). (23)

From Lemma 2.4, we obtain

(24)

5. e 2 k) n—1112 n+1,2 n—12
||en+1||2_ ||en—l||2 SZ'CI:(H 1€ || +|| 1€ || ) + (|€ | +|€ | )i|

2 2

For the rest terms of the above equality (22), in a similar way as proved in Theorem 2.1, and from
(23) — (24), we have

1 _
E(Il&e”ll |18:e"~|1? )+ (Ile"“IIl e 17 )+ (Ile”“II e M1
< CUT? +R*P + 18" +|I5te"*'|| + Il +||e”*'|| )- (25)

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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Summing (25) up for n, we have

1
118" |I* + E(Ile”“llf + 1" 1D + le P+ 1le"I1P)

- 1
<Clt*+h P +Ct Z[Il&e"ll2 + E(Iek“lﬁ + 1€ 1)) + 11+ 1lef 111

k=1

According to Lemma 2.2, when t is small enough, it follows that

l18.¢"|I* + %(II@”“II% +1le" 1D + (e P+ [le" 1) < Cle* + 1?1
We get

lle"|I < Clz? + 1.
Similarly, by the same means of Theorem 2.1 and the nonlinear term (23), we have
l1Ane"||* < Cle° + 1P

Finally, we have

lle"l12, < Cle? + h?.

Similarly, we can prove the stability of the difference solution. i.e.

(26)

27)

Theorem 3.3. Under the conditions of theorem 3.2, the solution of the difference scheme (5)—(7)

is unconditionally stable in the L., norm for initial value.

IV. NUMERICAL EXPERIMENT

In this section, we consider the following example:

0%u ou ) .9 .
o Au + la + |ul‘u = (\/571 + sin“(wx)sin“(wy))u,
(x,y) € [-4,4] x [-4,4], 1€][0,1],

u(x,y,t) =0, x,y)el', tel01],
u(x,y,0) =sin(zx)sin(mwy), %(x,y,O) = —ﬁnisin(nx)sin(ny),
(x,y) € [—4,4] x [-4,4].
The exact solution of the equation is
—/2nit

u(x,y,t) =sin(mx)sin(mwy)e

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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FIG. 1. Realpartof Utr=1,h = 0.1, 7 = 0.01. [Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

For problems (28) — (30), we have the following difference scheme

1 1
8 Uy + 181U}, = SIAULT + MU, 1+ UG+ 10U, UG + Uy,
Un+1 Un—l
= [T =12, M= L= 12, N = ), (32)
where f!! = /27 + sin®(wkh)sin*(Tmh).
Obviously, the scheme (32) is an implicit and nonlinear one. In order to obtain the numerical

solution U}, we need define the following iterative algorithm

AU}:l;l_(i'H) +AU:j1I,EZ+]) +CZ"J:I(s)U:rn+l(s+1) +AUn+I(s+])+AUn+l(s+l) — Dn+1(s)’ (33)

k+1.m k,m+1 km
Up=Uiy =0, Uy, =Uy, =0, (34)
Upn = (e Yn)s - Up = Uy — 27 (51 Y. (35)
where
A= _f CrHO 4 il 4 T_2(|Un+1<s)|2 LUy — f_zfn
2 ’ km 2 4 km km 2 km>
Dy = —§<Uﬁ;£1 + Ui+ Ul + Uil

+(=-1- 2r2 + lz _ 7:_2(|Un+l(x)|2 + |Un—1|2) + r_zfn Un—l + 2U"
2 4 km km 2 km km km>

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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i ¥ ‘ “ I 'I]'pw lllrh A
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FIG. 2. Realpartofur=1,h = 0.1,7 = 0.01. [Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

FIG. 3. Imaginary part of U =1, h = 0.1, = 0.01. [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com.]

where s said the number of the iterative algorithm. The initial value of the iterative algorithm

Ut = g . All iteration processes are terminated, when [|U”+16+D — 19| < 1078,
The pictures shown in Figs. 1-4 display good agreement between the exact and numerical

solutions. Figure 5 shows error E is effective inr = 1,7 = 0.1, 7 = 0.01. When we choose two

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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FIG.4. Imaginary partofur=1,h = 0.1, 7 = 0.01. [Color figure can be viewed in the online issue, which
is available at wileyonlinelibrary.com.]

1
‘l

|IH| |] |\1 ”

'i" “H il ull%ﬂlulﬁ" \“

H])"([/!u ‘f M“\” ;,\ at

FIG.5. ErrorEt=1,h =0.1,7 = 0.01. [Color figure can be viewed in the online issue, which is available
at wileyonlinelibrary.com.]

different step sizes with h = 0.1, = 0.01, h = 0.1, = 0.001, Figs. 6 and 7 show change of
error e at different times, respectively.

We compute the discrete conservation law. Here, we choose 7 = 0.1,7 = 0.01, and
h = 0.1, 7 = 0.005. Table I shows the value of the scheme E" at different times. It indicates
that the conservation of the scheme (5) is very good.

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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0.02 T T T T T T T T T

0.018

0.016

0.014

0.012

0.008

0.006

0.004

0.002

FIG. 6. Error e r=[0,1], h = 0.1, = 0.01. [Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

0.018 T T T T T T T T T

0.016 .

0.014 .

0.012 .

0.01r a

0.008 .

0.006 E

0.004 .

0.002 - .

0 1 1 1 1 1 1 1 1 1

0 01 02 03 04 05 06 07 08 09 1

+

FIG. 7. Errore t=[0,1], h = 0.1, = 0.001. [Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

From Table II, it is obvious to see that the scheme (5) is convergent in maximum norm, and
the convergent order is O (t? + h?). Table III show that the scheme (5) is very effective in term
of CPU time.

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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TABLE L.

The value of the scheme E".

h=0.1,7 =0.01

h =0.1,7 = 0.005

0.2 0.0201 0.0201

0.4 0.0202 0.0202

0.6 0.0201 0.0201

0.8 0.0200 0.0200

1.0 0.0201 0.0201
TABLE II.  Error and convergence order.

h T Eoo(h, ) Eoo(2h,27)/Eoo (I, T)
0.1 0.01 0.019232
0.05 0.005 0.004815 3.994
0.025 0.0025 0.0012046 3.996

TABLE III. CPU time of the scheme.

h T CPU time h T CPU time
0.2 0.01 5.656s 0.1 0.02 9.578s
0.1 0.01 14.141s 0.1 0.01 14.141s
0.05 0.01 56.172s 0.1 0.005 22.922s
0.025 0.01 248.672s 0.1 0.0025 41.734s

V. CONCLUSION

In this article, a conservative difference scheme is constructed for two dimensional NLS equation
with wave operator. We prove the estimate of the numerical solution in maximum norm by the
energy method and Lemma 2.3. The conservation, convergence, and stability are certified. In
numerical experiment, an iterative algorithm is used to solve the implicit and nonlinear scheme,
and numerical results are carried out to confirm the theoretical analysis.

It is easy to extend our estimates and algorithm for other derivatives of NLS equation. More-
over, it is not difficult to extend our method and algorithm for high dimensional other derivatives
of NLS equations by the embedding theory. Future work is to construct and prove the higher
accuracy of scheme and effective algorithm.
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