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Abstract In this paper, a new compact finite difference scheme is proposed for a
periodic initial value problem of the nonlinear Schrodinger equation with wave oper-
ator. This is an explicit scheme of four levels with a discrete conservation law. The
unconditional stability and convergence in maximum norm with order O (h* + 2)
are verified by the energy method. Those theoretical results are proved by a numerical
experiment and it is also verified that this scheme is better than the previous scheme
via comparison.
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1 Introduction

The NLS equation with wave operator was presented in [1], when considering the
nonlinear interaction of monochromatic waves. The same equation can also be deduced
in discussing the problem of soliton in plasma physics. The aim of this work is to
discuss the following periodic initial value problem of the NLS equation with wave
operator:
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ut,—uxx+iaul+/3|u|2u=0, xeR, 0<t<T, (1)
I/i(x,o) = uO(x), Ml(-xvo) = Ml(-x)s X € R, (2)
ux+L,t) =ulx,t), xeR, 0<t<T, 3)

where u(x, t) is a complex function, L is the period, «, B are two real constants, and
2
i-=-—1.

In order to solve the problem (1)—(3), we restrict it on (—%, %). Computing the
inner product of (1) with u, and taking the real part, the conservation law is obtained
as

L
2

B
lurllZ, + luslZ, + 5 [ lul*dx = const. @)

_L
2

To the authors’ knowledge, a number of methods are proposed to solve the NLS
equation and related equations. For instance, the Adomian decomposition method
(ADM, [2,3]), the variational iteration method (VIM, [4-6]), the homotopy pertur-
bation method (HPM, [7-9]), the differential transform method (DTM, [10,11]).
Furthermore, Fatoorehchi and Abolghasemi used these methods and the improve-
ments in different areas of different equations (see [12-20]). All of the above are
semi-analytical-techniques that transform the equation into a recurrence equation for
solving. The finite difference method (FDM) is a discrete-numerical-technique. It
is able to control the error of solution in a small area by variable discretization. In
[21], a finite difference scheme is proposed, however, it is nonconservative and its
accuracy is only O(h® 4 7). It is desirable and natural to form numerical schemes
keeping special properties of original problems, such as the conservation law. Zhang
et al. presented a conservative difference scheme for the NLS equation in [22] when
they found that the nonconservative schemes may easily show nonlinear blow-up.
The conclusion is proved in the generalized NLS equations, Regularized long wave
equations, Sine-Gordon equation, Klein—-Gordon equation and Zakharov equations in
[23-28], respectively. Since then, many conservative schemes for the NLS equation
with wave operator are presented in [29-32]. However, the convergence order of all
the schemes is O (h% + t2), referring to Wang in [33], Li et al. presented a nonlinear
three-level iterative difference scheme and improved the accuracy order to O (h* +12)
in [34]. This paper aims to construct an explicit compact difference scheme of four
levels for the NLS equation with wave operator, demonstrating its accuracy by both
theory and numerical experiment. Through the comparison of computation time and
infinite modulo error, the new scheme is verified to be better than the scheme in
[34].

The layout of the paper is as follows. In Sect. 2, a new explicit conservative
scheme of four levels is given. The discrete conservation law of the scheme is dis-
cussed in Sect. 3. The prior estimations for numerical solutions are made in Sect. 4.
In Sect. 5, the convergence in maximum norm and unconditional stability for the
new scheme are confirmed. Finally, numerical tests will be discussed in the last sec-
tion.
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A new numerical scheme for the nonlinear Schrodinger... 111

2 Description of the finite difference scheme

In this section, we propose a new difference scheme for problem (1)—(3). As usual,
the following notations are used:

L . ,
xj= =g b =t Q=50 <) <) 2e={ml0 <n < N} 2f =24 x 2,

where h = 5 and T = L denote the spatial and temporal step sizes respectively, and
J, N are two positive integers, u =u(xj, tp), U Suxj, ty).

n+1 n n n—1 n
ARLE, V44 vi—-Vv: v —V!
n_ _J Joeyn _ J n_ _J+l J
6th = f,s,vj i— SXVj =
n__ yn
5—Vf’=—vf Vi
X h )

STV = 8,8:V] = hz(v —2VI 4+ VL)),

STV =887V = ﬁ(v;’+1 - 2vj’? + v%’—l),

h? h

2
o SOV = VI =82V = ( 10V V).

AV =+ 55V

We define the inner product and norms as

U VY =h > UV, (U V' e 2 = {WW' = (of. 0}.....0)_)T)).
J=0
J—1
R 18 VIR IV oo = o max V7l

VI‘L —
V"Il ax_
j=0

[plh D IVIP, 8.V |=

and in the paper, C denotes a general positive constant which may have different values
in different places.

Now, we present the following four-level compact finite difference scheme for
problem (1)-(3):

1 1
— AU U — 52(U"+‘ + U} +iaAs, U}

2 t J J 2 X

.8 n+1,2 n n+1 ny __
+3 AU P+ U+ U =0,
j=0,1,....,.J—1; n=1,2,...,N =2, 5)
Uy =uo(xj)., &U)=ui(xj), j=0.1,....0—1, (6)
Ujrs =Uj. @)

@ Springer



112 X. Lietal.

Suppose
U= U Uf . Up T U U
= diag(UJ™ 12 + \UG1% .. \USE L + UG ).

(5) can be written as

1 1
EMS,Z(U”“ +U") - 55§(U”+1 +U") + iaMs,U"

B

+ZM(|U”+1I2 + AUt + UM =0, n=1,2,...,N -2,

where M is a symmetric positive definite matrix and

0 1 0 0 1
o 0 0
M= — :
12 :
0 0 110 1
10 0 1 10

JxJ

Considering the vector form, the scheme (5)—(7) is equivalent to the following one:

1 1
5(S,Z(U"“ +U") - EH(S?(U”“ +U") +ias,U"

+Equre ot 1 om <o,

n=12,...,N-2, ®)
UY =uo(xj), 8U)=ui(xj), j=0.1,....0—1, )
Ujrs =Uj (10)

where H = M~! and H is also a symmetric positive definite matrix.

3 Discrete conservation law of the new scheme

To obtain the discrete conservation law, some lemmas are required in the subsequent
analysis:

Lemma 3.1 ([30]) For any mesh functions U", the following equalities hold:
(1) 2Re(5, U™, 8,U") = |16, U"T1|1* + 118, U"||1> — 22| 87U0" )12
1 _
(2) Re(S>(U"™' +U™),8,U") = Z(II&U”“ I =18, 0" 1%)
T
—E(IIS,ZU”“ I = 11870 1%).

1
(3) Re(32(U"™ +U"),8,U") = —;(naxv"“n2 — [18:U"[1%).
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A new numerical scheme for the nonlinear Schrodinger... 113

Lemma 3.2 ([33]) For any real symmetric positive definite matrices H, we can get
Re(HS " +u"™),u"™" — ") = —(IRS" | — [R8.u" '),

where R is obtained by Cholesky decomposition for H, denoted as R = Chol(H).

Lemma 3.3 ([34]) For any two mesh functions U", V"' € 2}/ and satisfied (7), there
is the identity

J—1 J—1
h GTUHVE=—h > (6 UNGV.
j=0

j=0

Theorem 3.1 The difference scheme (5)—(7) admits the following invariant:

£ = 2 (160" P 4 150" P = 22180 12) + IR U P 4 20 = cons.

1
) 2

Proof Computing the inner product of (8) with U"*! — U”, and taking the real part,
we obtain

L —Dh+ 13+ 14 =0,

where

I

1

zRe(ag(Un-Fl + U}’l)’ Un+1 _ Un)

1 _

Z(II&U"“ 12 = 18,0112 — 2287012 + 287U 1),
1 1

I = zRe(H(S,%(U”1 +U, U —U) = —§<||R(SXU"“||2 — [IR&,U" ||,

I = Re(ias, U", U —U") = ZIm@u+! — v, 0"+ —U") =0,
T

Iy = §Re<(|U"+‘|2 +HUPHUT U, U -0 = §(U"+1 I = o).
We can get
3 (1012 = 13,07 = 220 4+ 21570
+ (IR U — R3,U"12) + £ (U g - o) = o
Let
E" = %(HSZU”“ 1+ 18:U" |12 = e[ $7U" %) + RO UM §||U”+1 -
(1n)
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114 X. Lietal.

Then E" = E""! = ... = E® = const.
This completes the proof of Theorem 3.1. O

4 The prior estimations for the numerical solution

In this section, the difference solution will be estimated. First, we introduce the fol-
lowing lemmas:

Lemma 4.1 ([30]) For any mesh functions U", there is
1
o2 — ot <« [II&U”IIZ + 50"+ ||U”+1||2>] :
Summing up for n, we know
T n
(1= 3) 1012 = 001 + = s ORI + UR ). (12)

k=1

Lemma 4.2 ([33]) For any real symmetric positive definite matrices H, there exist
two positive numbers Co, Cq, s.t.

Collu"||> < (Hu",u") < Cy|lu"|*.

Lemma 4.3 (Gronwall’s inequality [35]) Suppose that the nonnegative mesh function
{fwn), p(n),n=1,2,..., N, N, = T} satisfy the inequality

w(n) < p(m) +1 ) Bw(),
=1

where Bi(l = 1,2, ..., N) are nonnegative constant. Then for any 0 < n < N, there
is

N
w(n) < p(n)exp (nr Z Bl) .
=1

Lemma 4.4 (Discrete Sobolev’s inequality [36]) Suppose that {u ;} is mesh functions.
Given ¢ > 0, there exists a constant C dependent on € such that
lulloo < elluxll + Cllull.

Lemma 4.5 Suppose that ug(x) € H(}, ui(x) € Ly, B > O, then the following
estimations hold:

' =c, U =C, [5:U"] <C.
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A new numerical scheme for the nonlinear Schrodinger... 115

Proof From (11), we get

B

1
E" = §<||«SIU”+1 12+ 180" 1> — 22870 TH%) + RS, U2 + EIIU"“ I: =C,

So we have
1 n+12 n)2 n+1,2 t? 2y 12
E(II&U 1=+ 18 U" 1) + [IRS, U] §C+7I|5tU [
From Lemma 4.2, we get

IRS, U2 = (Hs, U™, 5, 0" > Co 16, U1,

So we can obtain

1 72
E(II&U”“ I+ 118U %) + Co(lI8, U™ |1> < € + 7||6,2U"+‘ 1. 13)

From (8), we have

B

UM = —7U" + HSFUM 4 U = 2ia, U = Z(UH P 4 U AU U7

= 82U —HZU" + U 4 2ias, UM 4 §(|U"|2 + Ut U
+HHSF (U 4 U") - 2i08,U" — §(|U”“|2 +urH Ut 4o

n
= (—1)"67U" + H8ZU" ! — (—=1)"H8U" + 2i > (—1)" K5 UF
k=1

n
+§ D DU ok o 4 U6,
k=1

So

n
187012 < 8[I87U |12 + CiIISFU" 2 + C2 187U 1> + 32072 D 116, U* |2
k=1

n
+2nB7 D (U 4+ (U UM + U2
k=1

n
< 811870 1P + Ci |80 + Call 87U |17 + 32072 D |18, UK |17
k=1
n+1
+328°nM> D UM%,
k=1
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116 X. Lietal.

Adding it to (13), we get
1
E(IlétU"“ 12+ 118,U" %) 4 Coll8, U™ |12
'L’2 'L’2
< C +47%|82U"|1” + ~Ci 8201 + 7c2||5§U1||2
n n+1
+16Tt (a2 Z (16, U% |1 + B> M? Z ||Uk||2)). (14)
k=1 k=1
Since
4
82Ut < ﬁust"“nz,
So
1
5<||5tU"+1 12+ 118:U" %) + Coll8, U™ |12
< C + 8|8, U % + 15, U°)%) + 2C 1218, U™ |12 4 2C5r2 |18, U2

n n+l
+16TT (a2 > I U + pAmM?D. IIU"llz)).

k=1 k=1

Adding (12) to (14), we have

1 T
5<||5,U"+1 12+ 118U %) + Coll8: U™ |12 + (1 — 5>||U"+1 |12
< C+8(/18: U + 118,U°)%) 421728, U1

n n+1
+2Cor2 |8, UM |? + 16T (a2 S8 UK+ gPM D ||Uk||2))

k=1 k=1

n
+T D 18U + [UH ).
k=1

Clearing it up,
1
E(II&U"“ 12+ 118, U" %) 4 (Co — 2C17H) 118, U112

n
T
+H(1 -3 - 16TTA2 MU |2 < € +1C D (18, U > + UK.
k=0

According to the Lemma 4.3, the lemma holds when t is small enough.

Corollary If the conditions of Lemma 4.5 are satisfied, then,

10" loo < C.
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A new numerical scheme for the nonlinear Schrodinger... 117

Proof According to the Lemmas 4.4 and 4.5, the corollary follows. O

5 Convergence and stability of the difference scheme
In this section, we assume that the truncation error
T
R" = (Ry, R],....R]_)" €2y,
and we have

1 1
R" = 567" +u") — SHS (' +u') + iasu”

ﬂ(|un+1|2+|un|2)(un+l+un). (15)

4

According to Taylor’s expansion, it can be easily obtained that

Lemma 5.1 Assume that u(x,t) € C%3, the truncation error of the scheme (5)—(7)
is of order O (h* + 72).

Theorem 5.1 Suppose that the conditions of the Lemma 4.5 and the Lemma 5.1 are
fulfilled, then the numerical solution of the scheme (5)—(7) converges to the solution
of the problem (1)—(3) with order O (h* + t2) by the || - || oo nOTmM.

Proof Let
e =u"-U".
Subtracting (8) from (15), we get
n 1 2an+1 n 1 2 n+1 n
R :§8t(e +e)—§H8x(e +€")

+iade" + g[(|u"+1|2 + ") ")
= (U Ut ). (16)
Computing the inner product of (16) with §,€”, and taking the real part, we obtain
ReR", 8, =111 — I, + 115+ 114,

where

1
1T = SRe(3} ("' +e"). 5,¢")

1
12 12 2Rt 2 o 2 2n 2
= E(II&GH 12— N8 €" 17 = 22157 1 + 187" 1),
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118 X. Lietal.

1 1
L= 5Re<H5§<e"+1 +e"), 8,€") = —2—<||Raxe"+‘ 2 — IRSce"[1%),
T
11z = Re(iad;e”, §;€") = alm(s;€”, 5;€") =0,

114 — gRe((|u"+l|2 + |un|2)(un+1 + u}’l) _ (|Uﬂ+1|2 + |Ul’l|2)(Ul’l+1 + Un), 3;8")

= gRe<(|u"“|2 + [Py e + [(u TP+ ')
—(UTT 4 U ot U, 5.eM)
= fRemu”“F + ") (et e, 5e")

B

+ZRe<[(|u"+1|2 + ") — (U o) U, sie).

We can obtain
1
Re(R", 5,¢") = 4—(||8,e"+1 12— 118,e" 11> — 22|82 T2 4 <2152 1%)
T

+éRe((|un+1|2 + |un|2)(el‘l+l +en),8,e")

4

1 n+1,2 ny2 ﬁ
+-— (RS e" |7 — [|[RSc€" ) + =

47 4

—(UL R o1t U, s.e, (17)

Re([([0" ' + " %)

where
Re(R", 5,e") < C(IR"[|* + [I5,€"[|*),
B

ZRe((lun-‘rl'Z + |un|2)(en+l + en)’ (Ste)’l)

= §Re(<|u"+1 I+ ") 4 e"), 5e")
< CUle™ 12+ [ 1* + 115.€" 1),
gRe([au"“ 2 4+ ") — (U U)ot 4 U, 5e”)

— gRe([un-Flén-Fl +en+lfjn+1 +unél’l +enl_jn](Un+1 +Un),5,e")

< CUle™ 12+ [l 1* + 115.€" 1)

From Lemma 4.1, we have
1 _ _ _
;(ne"nz—ne" N5 < cqise 1E+ e 1% + e 2.

So we can get
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A new numerical scheme for the nonlinear Schrodinger... 119

1
12 —12 _ 2y s2an 2 4 2y s20n 2
E(”ate'H I* = N8e" 1" — 225 e 12 + 22157 |1%)

1 1
+;(||R8xe"+‘ I2 — IRSce" 1) + ;(He”n2 —Jle" %)

< CUIR™ >+ l18:€ 1> + 18, 12 + [1e"THI% + [le” 1% + [le"~[1%).
(18)

Summing (18) up for n, we obtain
1
Z(Il&e"“ 12+ 118:€"11%) + CrlIRSe" 2 + [[e"]> < [0(h* + 9T~

From Lemma 4.2,
IRS e |2 = (HS, "1, 5,¢" ) > Col16,€" 12

So we can obtain
zll(nate"“nz + 118:€" 1) + Clisre™ 1 |* + [le”|* < [O(h* + )]
Then
e’ < Oh* +1%), |16€" < 0" +77), [8c€"| < O(h*+17). (19)
Lastly, according to the Lemma 4.4, it is follows that
le"lloo < Oh* +17). (20)

Then the convergence is proved. O
Similarly, we can prove the stability of the difference solution. i.e.
Theorem 5.2 Under the conditions of Theorem 5.1, the solution of the difference

scheme (5)—(7) is unconditionally stable for initial data by the || - || oo nOTM.

6 Numerical experiment and comparison

In this section, some numerical tests are carried out to verify the performance of the
new scheme. We use the numerical example in [34] and compare the new difference
scheme with the one in [34]. Taking « = B = 1, L = 80, and considering the
following problem:

u,,—uxx+iu,+|u|2u=0, —40<x <40, O0<t<T, 20
u(x,0) =1+ i)xexp(—10(1 — x)z), u;(x,0) =0, —40 < x <40. (22)
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120 X. Lietal.

Fig. 1 The convergence order The convergence order of the scheme (5)
of the Scheme (5) 2
-4
-6
3
e -8
Q@
S 10
o
-12 oax
-14
-16
-4 -35 -3 -25 -2 -15
log(h)

For problems (21)—(22), we have the following difference scheme

1 n+2 n+1 n n—1 1 2rn+1 n i n+1 n
S AU = U Ut Ut = St U + AWt - U

272
+%Ah(|U;f‘+l|2+|Uj’.‘|2)(U;’+l+U}'):O, j=0,1,....,0—1,n=1,2,...,N—1,
(23)
U})z(1+i)xjexp(—10(l—xj)2), (SIU})=0, j=0,1,...,0—1, (24)

Obviously, the scheme (23) is an explicit four-level scheme. We can obtain U;) and U ,1

from (24) easily. For U 2 we use the iterative algorithm in [34]. Thus, the new scheme
(23) can be used to solve the problems (21)—(22).

6.1 Numerical experiment
6.1.1 Convergence order

Firstly, we demonstrate the convergence order of scheme (5) which is stated in Theo-
rem 5.1. We take r = 1, and choose the numerical solution (2 = 0.0125, 7 = h2) as
the approximate exact solution used in [34]. The following convergence order figure
is obtained with A = 0.2, 0.1, 0.05, 0.025, T = h2. From Fig. 1, it is obvious that the
scheme (5) is convergent in maximum norm, and the convergence order is O (h*412).

6.1.2 Discrete conservation law
Secondly, the discrete conservation law is calculated with 2 = 0.05, 7 = K2t = 10.

Table 1 shows the value of E at different time. It indicates that the conservation of the
scheme (5) is very good and it is suitable for long-time computation.
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A new numerical scheme for the nonlinear Schrodinger... 121

Table 1 The value of E at

different time with ! E ! E

h =005t =h? I 9.123106418942955 6 9.123106418942761
2 9.123106418942822 7 9.123106418942800
3 9.123106418942237 8 9.123106418942665
4 9.123106418942228 9 9.123106418942488
5 9.123106418942465 10 9.123106418942395

t=2 t=10
0.7 . . . . . . . 05 . . . .
06 0.45
0.4
05 0.35
0.4 03
= = 025
0.3 02
0.2 0.15
o 0.1
: 0.05
0 0
-40 -30 20 -10 0 10 20 30 40 -40 -30 20 -10 0 10 20 30 40
X X

Fig. 2 Movement of |U| with different step sizes: (left) t = 2 and (right) t = 10

h=0.05 h=0.1

1|

]
s, 2R

X -40

Fig.3 Wave propagation with different step sizes from¢ = Otot = 10: (left) h = 0.05 and (right) h = 0.1

6.1.3 Long-time computation

Thirdly, we give the pictures about the movement of |U| with three different step
sizes at t = 2, 10, respectively. As shown in Fig. 2, we can conclude that the new
scheme (5) is not affected by grid ratios. Then, the pictures of wave propagation from
t = 0tor = 10 are revealed in Fig. 3. Here we choose two different sizes with
h =0.05,0.1, T = h?, respectively. Compared with the figures in [34], Fig. 3 proves
that the new scheme (5) is suitable for long-time computation as the one in [34].
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122 X. Lietal.

t=5 t=10
0.7 0.7
—O0S —0S
06 = o =]
0.5 0.5
0.4 0.4
= =
0.3 0.3
0.2 0.2
0.1 0.1
0 = 0
-40 -30 -20 -10 O 10 20 30 40 -40 -30 -20 -10 O 10 20 30 40
X X
Fig.4 Comparison of soliton |U| (h = 0.05, t = h?): (left) t = 5 and (right) t = 10
— _h2 _ 12
h=0.02,1=h h=0.05,1=h
0.25 0.25
os 0os
0.2 * NS 0.2 + NS
) D
S 015 S 015
= =
S o1 8 o1
2 2
© 0.05 © 0.05
£ £
g o g o
E E
-0.05 -0.05
-0.1 -0.1
-02-01 0 0.1 02 03 04 05 06 07 -02-01 0 0.1 02 03 04 05 06 07
Real part of U Real part of U

Fig. 5 Comparison of phasic picture of U (t = 1): (left) h = 0.02, 7 = h? and (righty h = 0.05, 7 = h?

6.2 Comparison

In this subsection, we compare the new scheme (5) with the one in [34]. For conve-
nience, the new scheme is NS and the one in [34] is OS for short. The comparison is
proposed in three aspects: effectiveness, computation time and infinite modulo error.

6.2.1 Effectiveness

At first, the comparison of solitons |U| which are formed by two schemes with the
same step size (h = 0.05,7 = h?) at the different times (r = 5, 10) are given in
Fig. 4. Figure 5 shows the comparison of phasic pictures of U which are formed by

two schemes with different step sizes (b = 0.02,0.05,7 = hz) at the same time
(t = 2). Both two figures certify that the new scheme (5) is effective.

6.2.2 Computation time

Then, two schemes (OS and NS) in computation time are compared. Table 2 lists the
computation time of OS and NS in different step sizes at r = 1. We can see the time
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A new numerical scheme for the nonlinear Schrodinger... 123

Table 2 Comparison of the two

schemes on computation time h 026 0.1() 0.05(s) 0.025 (s)

withr = 1,7 = h? 050.67 1.14 3.26 46.90
NS0.28 035 222 40.39

Table 3~ Comparison of the two 7, = " 0.1 (s) 0.05 (s) 0.025 (s)

schemes on computatlon time

withr =57 =h? 0S1.28 2.80 31.33 1058.64
NS0.36 1.77 29.44 1005.66

ebemes on imoite modulo emor 02 0.1 0.05 0.025

witht = 1,7 = h? 0S 0.0599 0.0041 25113e—04  1.47266—05
NS 0.0290 0.0016 9.6600e—05  5.6211e—06

cehemes on it modul amor 02 0.1 0.05 0.025

witht = 5,7 = h? 0S 0.2085 0.0179 0.0012 7.4984e—05
NS 0.0762 0.0080 52179e—04  3.2597e—05

of the latter is shorter than that of the former. For long-time computation, it is obvious
that computation time of NS is shorter than that of OS from Table 3.

6.2.3 Infinite modulo error

At last, two schemes are compared in infinite modulo error. Also, we choose the
numerical solution with &7 = 0.0125, ¢ = h? as the approximate exact solution and
calculate the infinite modulo error forr = 1, A = 0.2, 0.1, 0.05, 0.025, T = k2. Itis
indicated in Tables 4 and 5 that the error of the second line is distinctly less than that
of the first line, almost as half as the error of the first line.

7 Conclusion

In this paper, a four-level compact finite difference scheme is presented for the non-
linear Schrodinger equation with wave operator. The conservation, convergence, and
stability of the new scheme are demonstrated. Numerical tests are carried out to con-
firm the theoretical proving. In addition, the new scheme is compared with the scheme
in [34]. As for the aspect of either computation time or infinite modulo error, numerical
results prove the new scheme is better than the scheme in [34].

Acknowledgements The authors would like to express their sincere thanks and gratitude to the editors
and reviewers for their insightful comments and suggestions for the improvement of this paper.

@ Springer



124 X. Lietal.

References

1. Matsunchi, K.: Nonlinear interactions of counter-travelling waves. J. Phys. Soc. Jpn. 48(5), 17461754
(1980)

2. Salah, M., Dogan, K.: A numerical solution and an exact explicit solution of the NLS equation. Appl.
Math. Comput. 172, 1315-1322 (2006)

3. Athanassios, B., Matthias, E., Ioannis, T.: A discrete Adomian decomposition method for discrete
nonlinear Schrodinger equations. Appl. Math. Comput. 197, 190-205 (2008)

4. Wazwaz, A.M.: A study on linear and nonlinear Schrédinger equations by the variational iteration
method. Chaos Solitons Fractal 37, 1136-1142 (2008)

5. He, J.H.: Variational iteration method-a kind of non-linear analytical technique: some examples. Int.
J. Nonlinear Mech. 34, 699-708 (1999)

6. He, J.H.: Variational iteration method some recent results and new interpretations. J. Comput. Appl.
Math. 207, 3-17 (2007)

7. Sadighi, A., Ganji, D.D.: Analytic treatment of linear and nonlinear Schrodinger equations: a study
with homotopy-perturbation and Adomian decomposition methods. Phys. Lett. A 372, 465-469 (2008)

8. He, J.H.: Homotopy perturbation method: a new nonlinear analytical technique. Appl. Math. Comput.
135, 73-79 (2003)

9. He, J.H.: Application of homotopy perturbation method to nonlinear wave equations. Chaos Solitons
Fractal 26, 695-700 (2005)

10. Borhanifar, A., Abazari, R.: Numerical study of nonlinear Schrodinger and coupled Schrodinger equa-
tions by differential transformation method. Opt. Commun. 283, 2026-2031 (2010)

11. Zhou, J.K.: Differential transformation and its application for electrical circuits. Huazhong University
Press, Wuhan (1986)

12. Fatoorehchi, H., Abolghasemi, H.: Approximating the minimum reflux ratio of multicomponent distil-
lation columns based on the Adomian decomposition method. J. Taiwan Inst. Chem. Eng. 45, 880-886
(2014)

13. Fatoorehchi, H., Abolghasemi, H.: Investigation of nonlinear problems of heat conduction in tapered
cooling fins via symbolic programming. Appl. Appl. Math. 7(2), 717-734 (2012)

14. Fatoorehchi, H., Abolghasemi, H.: Analytical approximate solutions for a general nonlinear resistor-
nonlinear capacitor circuit model. Appl. Math. Model. 39, 6021-6031 (2015)

15. Fatoorehchi, H., Abolghasemi, H.: An accurate explicit form of the Hankinson—Thomas—Phillips cor-
relation for prediction of the natural gas compressibility factor. J. Pet. Sci. Eng. 117, 46-53 (2014)

16. Fatoorehchi, H., Abolghasemi, H.: The variational iteration method for theoretical investigation of
falling film absorbers. Natl. Acad. Sci. Lett. 38(1), 67-70 (2015)

17. Fatoorehchi, H., Abolghasemi, H.: Analytical solution to intra-phase mass transfer in falling film
contactors via homotopy perturbation method. Int. Math. Forum 6, 3315-3321 (2011)

18. Fatoorehchi, H., Abolghasemi, H.: Improving the differential transform method: a novel technique to
obtain the differential transforms of nonlinearities by the Adomian polynomials. Appl. Math. Model.
37, 6008-6017 (2013)

19. Fatoorehchi, H., Abolghasemi, H.: Computation of analytical Laplace transforms by the differential
transform method. Math. Comput. Model. 56, 145-151 (2012)

20. Fatoorehchi, H., Abolghasemi, H.: An integration-free method for inversion of Laplace transforms:
a useful tool for process control analysis and design. Chem. Eng. Commun. (2015). doi:10.1080/
00986445.2015.1107722

21. Guo, B.L., Li, H.X.: On the problem of numerical calculation for a class of the system of nonlinear
Schrodinger equations with wave operator. J. Numer. Methods Comput. Appl. 4, 258-263 (1983)

22. Zhang, E., Peréz-Ggarcia, V.M., Vazquez, L.: Numerical simulation of nonlinear Schrodinger equation
system: a new conservative scheme. Appl. Math. Comput. 71, 165-177 (1995)

23. Chang, Q.S., Xu, L.: A numerical method for a system of generalized nonlinear Schrodinger equation.
J. Comput. Math. 4, 191-199 (1986)

24. Chang, Q.S., Jia, E.H., Sun, W.: Difference schemes for solving the generalized nonlinear Schrodinger
equation. J. Comput. Phys. 148, 397-415 (1999)

25. Zhang, L.M., Chang, Q.S.: A new difference scheme for regularized long-wave equation. Numer.
Comput. Comput. Appl. Chin. J. 4, 247-254 (2000)

26. Zhang, F., Vazquez, L.: Two energy conserving numerical schemes for the sine-Gordon equation. Appl.
Math. Comput. 45, 17-30 (1991)

@ Springer


http://dx.doi.org/10.1080/00986445.2015.1107722
http://dx.doi.org/10.1080/00986445.2015.1107722

A new numerical scheme for the nonlinear Schrodinger... 125

27.

28.

29.

30.

31.

32.

33.

34.

36.

Wong, Y.S., Chang, Q.S., Gong, L.E.: An initial-boundary value problem of a nonlinear Klein—Gordon
equation. Appl. Math. Comput. 84, 77-93 (1997)

Chang, Q.S., Jiang, H.: A conservative scheme for the Zakharov equation. J. Comput. Phys. 113,
309-319 (1994)

Zhang, L.M., Li, X.G.: A conservative finite difference scheme for a class of nonlinear Schrodinger
equation with wave operator. Acta Math. Sci. 22A(2), 258-263 (2002)

Zhang, L.M., Chang, Q.S.: A conservative numerical scheme for a class of nonlinear Schréodinger
equation with wave operator. Appl. Math. Comput. 145, 603-612 (2003)

Wang, T.C., Zhang, L.M.: Analysis of some new conservative schemes for nonlinear Schrodinger
equation with wave operator. Appl. Math. Comput. 182, 1780-1794 (2006)

Wang, T.C., Zhang, L.M., Chen, F.Q.: Conservative difference scheme based on numerical analysis for
nonlinear Schrodinger equation with wave operator. Trans. Nanjing Univ. Aeronaut. Astronaut. 23(2),
87-93 (2006)

Wang, T.C., Guo, B.L.: Unconditional convergence of two conservative compact difference schemes
for nonlinear Schrodinger equation in one dimension. Sci. Sin. Math. Chin. J. 41(3), 207-233 (2011)
Li, X., Zhang, L.M., Wang, S.S.: A compact finite difference scheme for the nonlinear Schréodinger
equation with wave operator. Appl. Math. Comput. 219, 3187-3197 (2012)

. Guo, B.L., Paseual, PJ., Rodriguez, M.J., Vazquez, L.: Numerical solution of the sine-Gorden equation.

Appl. Math. Comput. 18, 1-14 (1986)
Chan, T., Shen, L.: Stability analysis of difference schemes for variable coefficient Schrodinger type
equations. SIAM J. Numer. Anal. 24, 336-349 (1981)

@ Springer



	A new numerical scheme for the nonlinear Schrödinger equation with wave operator
	Abstract
	1 Introduction
	2 Description of the finite difference scheme
	3 Discrete conservation law of the new scheme
	4 The prior estimations for the numerical solution
	5 Convergence and stability of the difference scheme
	6 Numerical experiment and comparison
	6.1 Numerical experiment
	6.1.1 Convergence order
	6.1.2 Discrete conservation law
	6.1.3 Long-time computation

	6.2 Comparison
	6.2.1 Effectiveness
	6.2.2 Computation time
	6.2.3 Infinite modulo error


	7 Conclusion
	Acknowledgements
	References




